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Abstract— The incidence of arterial diseases has led to a rise in 

the use of mathematical and numerical tools to understand 

arterial hemodynamics. Many studies have used three-

dimensional models to mimic blood flow in arteries. However, this 

has a significant computational cost and power. To answer the 

growing demand for a computationally cheap numerical model, 

this work established a mathematical model for simulating and 

forecasting blood flow dynamics in an arterial channel. The time-

dependent one-dimensional hyperbolic system of quasilinear 

partial differential equations was developed by taking physical 

momentum and mass conservation principles into consideration. 

This fluid-structure interaction model includes an elastic mural 

model for the compliant artery wall material. The combined 

arterial flow model was solved to mimic flow in the iliac artery 

using the method of lines. The findings showed that the suggested 

one-dimensional model can properly describe artery 

hemodynamics. Furthermore, the simulations created for 

idealized healthy states might serve as a foundation for numerical 

simulations of pathological states in the artery. 

Keywords— blood flow, modelling, simulation, hemodynamics, 

biomechanics, fluid dynamics, iliac artery 

I. INTRODUCTION  

Blood flow under normal physiologic conditions has become 
a significant subject of research, as has blood flow under disease 
conditions, due to the large number of fatalities caused by 
irregular flow conditions in arteries [1]. For appropriate 
diagnosis and improved knowledge of arterial illness, therefore, 
research and development activities targeted at understanding 
blood flow in an artery, quantitatively, are very much needed. A 
thorough grasp of flow hemodynamics and the impact of the 
vascular wall on flow can give valuable clinical information that 
can help plan therapeutic operations. To prevent, diagnose, and 
treat vascular illness, a thorough understanding of blood flow is 
required.  

Mathematical and numerical approaches have been 
increasingly popular among academics aiming to understand 
vascular hemodynamics. It has been remarked that mathematical 
and numerical examinations of the circulatory system are set to 
become one of the key mathematical issues of the future, judging 
by the manner they are now pursued [2]. 

Several numerical models have emerged that use 3-
dimensional differential equations to represent flow in arteries 
[3], [4]. However, a significant disadvantage has been the 
extensive usage of computer resources for simulation. As a 
result, there is a demand for simpler yet adequately accurate 
models that need less computing cost and power. One-
dimensional models have been proven to have the potential to 
address this demand [5–12]. 

This paper attempts to model an artery under normal healthy 
conditions as a precursor to diagnostic studies of abnormal flow 
using a one-dimensional system of partial differential equations. 
Simulating healthy arterial flow will help with comparative 
investigations of diseased arterial flow. The purpose of this 
study is to develop a reference model for healthy artery 
hemodynamics that will serve as a baseline for future pathologic 
flow studies. It is the first step in developing a virtual artery for 
in silico studies. The paper fills a need for a simple, 
computationally inexpensive reference model for healthy flow 
in an artery.  

II. MATHEMATICAL DEVELOPMENT OF THE ARTERY MODEL 

The differential equations for transient flow are calculated 

by applying the two basic conservation principles to a 

short section of blood in an artery. Newton's second law of 

motion and the continuity equation were applied 

for momentum and mass conservation respectively.  The 

dependent variables are internal blood pressure (p) and 

volumetric flowrate (q) at a cross section. The independent 
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variables are the distance x along the artery as measured from 

the upstream end and the time t. 

 

A. Momentum Balance 

To begin, the forces acting on an elemental fluid volume in 
the artery along the flow direction are resolved using Newton's 
second law of motion. 

An expression for the total force is given by  

dt

dq
xxDxgAx
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A
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x
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Dividing through by x  and simplifying give 
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The inclination angle can be related to the vertical coordinate h 
which aligns with gravity thus:  
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h  leaving (2) as 
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For laminar steady flow, the shear stress at the wall of a 

horizontal tube, for which 
0=





x

h  obtained from the Poiseuille 

equation is 
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The frictional resistance in unsteady flow can be assumed to 
be the same as that for steady flow at the same velocity, such 
that equation (4) can be applied in (3) to obtain 
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The first term of equation (5) is the total differential 

t
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=  which makes the equation of flow motion 
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B. Mass Balance 

Applying the conservation of mass to the elemental volume of 
blood, the following is obtained 
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Expanding the equation and dividing through by xA , give 
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The terms in parenthesis in equation (8) is the total differential 

dt

d   so that the equation becomes 
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The first term is concerned with the elasticity of the artery wall 
and its rate of deformation under pressure. The second term 
expresses the fluid's compressibility. 

Now, the bulk modulus of elasticity of blood, may be defined as 




d

dp
K =

 

Thus, the second term in equation (9) may be replaced by 
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And the continuity equation may be written in the form 

0
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C. Elastic Mural Model 

A structural model is required to characterize the elastic 
behavior and compliant nature of the artery wall. As a result, this 
section attempts to establish a nonlinear zero-order relation that 
represents the link between internal flow pressure and artery 
lumen area while taking the vessel's static equilibrium in the 
radial direction into account. The treatment is based on the 
premise that the arterial vessel wall is homogeneous, isotropic, 
and has a linear elastic response that can be expressed in terms 
of Young modulus and Poisson’s ratio. 

The circumferential stress on the artery wall 
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 ( )0pp −  is the net pressure on the arterial wall. This is the 

difference between the internal blood pressure p and the external 
pressure p0 on the arterial wall produced by the vessel’s 
surrounding tissue. The length of the artery is L and the thickness 
of its wall e while D0 is its diameter in the unstretched state when 
the net pressure on its wall is zero (p = p0). 

With the Young’s modulus E and the Poisson ratio   retaining 

their usual meanings, the following are obtained 
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By appropriately combining the circumferential and 
longitudinal strains, the net circumferential strain is obtained 
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By definition, it is known that 

Circumferential strain= radial extension/unstretched radius 
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Therefore, the radial extension produced is  
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Noting that the diameter at any instant along the vessel length is 
related to the radial displacement by the expression 
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Then, equation (15) reads, 
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where the constant  
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D. Combined Fluid-Structure Interaction Model 

Equation (17) expresses the desired function relating the 
internal fluid pressure to the area. The equation can be used to 
eliminate the area derivative in the continuity equation (11) thus: 
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By using equation (19), equation (11) now becomes 

 0
112 0 =



++





x

q

Adt

dp

Kt

p

A

aA  
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On rearrangement, equation (20) becomes 
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Together, equations (6) and (21) both constitute the model 
describing the transient one-dimensional flow of blood in an 
artery. These can be re-written in compact form for ease of 
mathematical analyses as: 
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The terms aj and bj are nonlinear functions of the dependent 
variables p and q defined as follows: 
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III. ANALYSIS AND SOLUTION OF THE ARTERY MODEL 

 The model can be translated and solved using advanced 
mathematical methods appropriate for a one-dimensional 
nonlinear hyperbolic system of partial differential equations. 

 A total of four boundary conditions are required to 
accomplish the solution; a possible list includes: 

(a) Initial conditions 

  p(x, 0) 

 q(x, 0)  

(b)  Boundary conditions 

 q(0, t)   

 p(L, t) 

 

A. Resolution of Initial Conditions 

Setting the time derivatives in the continuity and 

momentum model equations to zero and solving the associated 

ordinary differential equations yields the initial pressure and 

flowrate conditions for the steady state flow. It is assumed that 

at the start of an unsteady state hemodynamic flow simulation, 

the pressure and flow in the artery are steady. 

 

   )()0,( xpxp i=    (37) 

   𝑞(𝑥, 0) = 𝑞𝑖(𝑥)   (38) 

At steady state, 𝑝𝑡 = 0  and 𝑞𝑡 = 0 . Therefore, the model 
equations read 

𝑎1𝑝𝑥 + 𝑎2𝑞𝑥 = 𝑎3    (39) 

 𝑏1𝑝𝑥 + 𝑏2𝑞𝑥 = 𝑏3    (40) 

Substituting variables in (39) and rearranging the terms, 
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      (41) 

Similarly for (40), 
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       (42) 

It may be assumed that the change in blood density approaches 
zero. Consequently, the reciprocal of the blood bulk modulus of 
elasticity also attains a small value that tends to zero. 

   
1

𝐾
≈ 0    (43) 

Equation 41 therefore becomes 

1

𝑞𝑖

𝑑𝑞𝑖
𝑑𝑥

= 0 

       (44) 

When integrated, the equation through the entire length of the 
artery reveals that 

    𝑞𝑖 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡  (45)  

 To achieve this constant rate of flow in steady state, data on 
cardiac output is required. Cardiac rate and stroke volume are 72 
beats/min and 70 ml/beat, respectively [13], resulting in a 
cardiac output of 5040 ml/min or 8.4×10-5 m3/s. This is the 
amount of blood provided by the left ventricle and carried by the 
aorta. It is thought that around half of this enters the abdominal 
aorta. Taylor (2000) [14] also noted that, at rest, over 30% of the 
blood that enters the abdominal aorta goes down the infrarenal 
segment through the bifurcation into the legs, the iliac arteries. 
For the iliac artery, the steady-state flow rate (qi) is 1.26×10-5 
m3/s. 

 Substituting equation (44) in (42) and rearranging the terms, 

(𝛼1 + 𝛼0𝑝𝑖)
4 𝑑𝑝𝑖

𝑑𝑥
= −8𝜋𝜇𝑞𝑖   (46) 

 The initial condition of pressure can be obtained by 
integrating equation (46).  When this is integrated using the exit 
condition at the outflow boundary, 

[
(𝛼1 + 𝛼0𝑝𝑖)

5

5𝛼0
]
𝑝𝑖(𝐿)

𝑝𝑖(𝑥)

= 8𝜋𝜇𝑞𝑖(𝐿 − 𝑥) 

(47) 

the following nonlinear relation results 

𝑝𝑖(𝑥) = √(
𝛼1
𝛼0

+ 𝑝𝑖(𝐿))

5

+
40𝜋𝜇𝑞𝑖
𝛼0

4
(𝐿 − 𝑥)

5

−
𝛼1
𝛼0

 

       (48) 

 

B. Resolution of Boundary Conditions 

 
Pulsatile flow boundary condition, derived from Womersley 

theory, is prescribed for the inflow boundary: 

𝑞(0, 𝑡) = 𝑞𝑠𝑠 {1 + 𝑠𝑖𝑛 (
2𝜋𝑡

𝑇
)}   (49) 

where T is the time period in seconds per heart beat (≈0.8s). 

 Zero net pressure boundary condition is imposed at the 
outflow boundary as found in [13]. That is 

  𝑝(𝐿, 𝑡) − 𝑝0 = 0    (50) 

 

IV. SIMULATION OF FLOW IN THE HEALTHY ILIAC ARTERY 

 To apply the proposed model for blood flow simulation, the 
iliac artery was chosen due to the abundance of evidence 
establishing it as a pathological location, as well as the available 
data on its anatomic and physiologic properties. Clinically, 
atherosclerotic disease appears first in the abdominal aorta and 
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is significantly more prevalent in this region of the aorta below 
the diaphragm than in the thoracic aorta above the diaphragm 
[14].  Plaque deposition, as an extension of the abdominal aorta, 
would ordinarily develop in either of the iliac arteries providing 
blood to the legs (as represented in Fig. 1), resulting in lower 
extremity occlusive disease [15]. 

 The anatomic dimensions of the iliac arteries and the 
properties of the blood through them (Table 1) were obtained 
from [2]. 

 The extra-vascular pressure, p0 may be assumed to be 
essentially equal to the atmospheric environmental pressure 
[16]. So p0 = 101325 Pa. 

 

A. Numerical Discretization and Method of Lines 

 

The proposed method employs the Method of Lines (MOL) 

in conjunction with the symmetric central difference formula to 

numerically discretize Equations (22) and (23). To begin, space 

derivatives are approximated using the numerical 

differentiation formula for second-order centered spaces. Thus, 

the problem is transformed into time-dependent ordinary 

differential equations. This system is solved using a two-stage 

fourth-order Runge-Kutta algorithm using Gaussian nodes. The 

solution's formulation is shown below. 

 

Fig. 1. Iliac artery narrowed by plaque 

 

TABLE I.  PARAMETERS FOR THE ILIAC ARTERIES [2] 

PARAMETERS VALUES 

Characteristic diameter, D0 0.005m 

Characteristic length, L 0.065m 

Wall thickness, e 0.002m 

Young’s modulus, E 105  

Poisson ratio, σ 0.5 

Dynamic viscosity, μ 3.5x10-3 kg/m-s 

Blood density, ρ 1050 kg/m3 

 

This subsection describes the numerical simulation. The 

aforesaid coupled systems of partial differential equations (22) 

and (23) are solved under the required initial and boundary 

conditions (48) - (50) using the suitable finite difference 

techniques to approximate the partial derivatives. 

Let the two solution domains be partitioned into a mesh of 

uniform lengths 

   
𝑥𝑖 = 𝑖𝛥𝑥, 𝑖 = 0,1,⋯ ,4,  𝛥𝑥 = 𝐿/𝑁 , 

       (51) 

then let pi(t) and qi(t) be approximations to p(xi,t) and q(xi,t), 
respectively. The method of lines approach yield the system of 
ODEs 

𝑑𝑝𝑖(𝑡)

𝑑𝑡
= −

𝑞𝑖(𝑡)

(𝛼1 + 𝛼0𝑝𝑖(𝑡))(𝛼2 + 𝛼1 + 𝛼0𝑝𝑖(𝑡))
⋅ 𝐷[𝑃𝑥]

−
𝐾

(𝛼1 + 𝛼0𝑝𝑖(𝑡))(𝛼2 + 𝛼1 + 𝛼0𝑝𝑖(𝑡))
⋅ 𝐷[𝑞𝑥], 𝑖 = 0,1,2,3 

       (52) 

𝑑𝑞𝑖(𝑡)

𝑑𝑡
= −

(𝛼1 + 𝛼0𝑝𝑖(𝑡))(𝛼1 + 𝛼0𝑝𝑖(𝑡))

𝜌
⋅ 𝐷[𝑃𝑥]

−
𝑞𝑖(𝑡)

(𝛼1 + 𝛼0𝑝𝑖(𝑡))(𝛼1 + 𝛼0𝑝𝑖(𝑡))
⋅ 𝐷[𝑞𝑥]

−
8𝜋𝜇𝑞𝑖(𝑡)

𝜌(𝛼1 + 𝛼0𝑝𝑖(𝑡))(𝛼1 + 𝛼0𝑝𝑖(𝑡))
,

𝑖 = 1,2,3,4 

       (53) 

where D[px] and D[qx] are finite difference approximation for px 
and qx, respectively. Before examining the temporal 
discretization in t, the specification of the resulting ODEs is 
resolved using the specified boundary conditions (49) and (50) 
as follows: 

   𝑝4(𝑡) = 𝑝0   (54) 

 𝑞0(𝑡) = 𝑞𝑖 [1 + 𝑠𝑖𝑛 (
2𝜋𝑡

𝑇
)]   (55) 

While the system of ODEs are solved with the initial values 

𝑝𝑗(0) = √(
𝛼1
𝛼0

+ 𝑝𝑖(𝐿))

5

+
40𝜋𝜇𝑞𝑖
𝛼0

4
(𝐿 − 𝑗 ⋅ 𝛥𝑥)

5

−
𝛼1
𝛼0

 

𝑗 = 0,1,2,3     (56) 

 

𝑞𝑗(0) = 𝑞𝑖  𝑗 = 1,2,3,4    (57) 

 

V. RESULTS AND DISCUSSIONS 

Using the implicit Runge-Kutta method with Gaussian nodes, 

the resulting system of ODEs were solved and the simulation 

results are presented in Figures 2 to 9. 
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A. Flow Pressure Simulation Results 

Figures 2 to 5 show the pressure-time curve along the 

arterial length during the first period (0.8s) of the cardiac cycle.  

The pressure wave at the artery inlet (Fig. 2) oscillated with 

high amplitude over the first 0.15s of the cardiac cycle, peaking 

at 1.07 ×105 N/m2 and decreasing to 0.97 ×105 N/m2. The 

oscillation was dampened, and the pressure settled at about 1.02 

×105 N/m2. The pressure wave appears to be stabilized with 

very modest oscillations around 0.3s into the cardiac cycle. 

 

Fig. 2. The plot of pressure (N/m2) with time (s) at position x=0m 

 

 

 

 

 

Fig. 3. The plot of pressure (N/m2) with time (s) at position x=0.01625m 

 

  

Fig. 4.  The plot of pressure (N/m2) with time (s) at position x=0.0325m 

Fig. 5.  The plot of pressure (N/m2) with time (s) at position x=0.04875m 

Fig. 6. The plot of flowrate (m3/s) with time (s) at position x=0.01625m 
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Fig. 7. The plot of flowrate (m3/s) with time (s) at position x=0.0325m 

Fig. 8. The plot of flowrate (m3/s) with time (s) at position x=0.04875m 

Fig. 9. The plot of flowrate (m3/s) with time (s) at position x=0.065m 

 

 A similar pattern was seen in pressure wave propagation at 
various nodal sites along the artery (Figures 3 to 5). At point x = 
0.01625m (Fig. 3), the undershoot in the initial pressure wave 
propagation was marginally lower than at the artery entrance 
(position x = 0 m). As you move downstream along the artery 
length, the value at which the pressure oscillations settle falls, 
suggesting that flow pressure drops throughout the vessel length. 
This is characteristic of conduit flow and may be predicted when 
pressure declines over the length of the vessel or conduit. As the 
pressure decrease drives the flow, arterial blood pressure is 
supposed to follow suit. 

 

B. Flowrate Simulation Results 

Figures 6 to 9 depict results for the flowrate simulations 

along the length of the artery. 

 

At all nodal points, the flowrate oscillates around 1.25×10-5 

m3/s. The flow rate fluctuates between 1.25×10-5 m3/s and 

1.25×10-5 m3/s during the cardiac cycle, with an initial phase of 

uneven propagation (about 0.25-0.30s). The peak values rise 

over the length of the artery, ranging from 2.5×10-5 m3/s at 

nodal position x = 0.01625m (Fig. 6), 2.75×10-5 m3/s at nodal 

locations x = 0.0325m (Fig. 7), and x = 0.0487m (Fig. 8), and 

ultimately to 3.2×10-5 m3/s at the artery exit (Fig. 9). 

 

VI. CONCLUSIONS 

This article attempts to develop a mathematical model that 

depicts and numerically simulates the natural functioning of an 

artery.  The study is an early contribution to efforts to establish 

a proactive clinical model that would aid in the detection or 

diagnosis of progressing arterial damage or disease using a 

computer simulation of the "virtual artery". In this study, the 

pressure and flowrate in the iliac artery were represented using 

a one-dimensional quasilinear hyperbolic system of partial 

differential equations and numerically simulated using the 

method of lines, which was utilized to construct simulations for 

idealized healthy artery conditions. The results show that a one-

dimensional model may adequately describe arterial 

hemodynamics while saving computational costs. Furthermore, 

the work has opened the way for a long-term aim, which is to 

construct a therapeutic planning or decision tool based on the 

artery's computational model by combining simulations 

generated for idealized healthy states with 

unhealthy states' hemodynamic data. 
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