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COEFFICIENT PROBLEM CONCERNING SOME NEW
SUBCLASSES OF P-VALENT FUNCTIONS

T. G. SHABA AND A. A. JIMOH

ABSTRACT. The main aim of this research is to investigate some properties
of fractional p-valent function belonging to certain new subclasses of p-valent
functions S% g ,,(p,7,p,¢) and Ka,B,m(p,7,p,#) defined in the open unit
disk.

1. INTRODUCTION

Let A(p) denote the class of functions of the form
fz) =2+ Z aripz’ P (1)
T=1

where p e N=1{1,2,---} and z € D,
which are holomorphic in the open unit disk

D={zeC:|z| <1}

Let Q(p) denote the class of p-valent functions f(z) € A(p) in D. Also suppose
that S*(p) denote the subclass of Q(p) consisting of the functions f(z) which are
p-valently starlike in D. A function f(z) € K(p) is said to be p-valently convex in
Dif f(z) € Q(p) satisfies zf'(z) € S*(p). see [2, B[] and [7] for details. In view of
the above definition, we can write that

K(p) € §*(p) € Q(p) C Alp)
and f(z) € S*(p) if and only if

/Z Malt € K(p).
o t

Example: The function f(z) given by

P
1— 22

o0
f(2) =P 4 PP Pt = Z 22Tt (2)
=0
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is in the class S*(p) and the function f(z) of the form

P

f(z) = 12_ — =P Z P (3)

is in the class K(p), where p € N ={1,2,---}. When p = 1 we have

f(Z): :Z+23+z5+...22227+165*7

1—22

and

oo
f(z)=%=z+22+z3+---zz,f+lGIC.

The analytic function f,(z) of the from

folz) = z - ,z—|—z:z"’TJr1 (4)

1—z0
T=1

was introduced and studied Darus and Owa [2], for more details see [11 [6].
In 2020, [5] introduced and studied the generalized fractional analytic function f,(z)
of the form

fp(z):m: <Z_€)+§(_1)Ti:(z_5>l+7p (5)

for some real p(0 < p < 2), —1 < B < A <1 where ¢ is a fixed point in D. Now
using , they obtain a new class A, of analytic functions f,(z) is given in D such
that

W)= T B - Z‘€<+§: araE-9t

for some real p(0 < p<2),-1<B<A<L1 Where ¢ is a fixed point in D.

Now we shall consider the p-valent function of the generalized form of ,
P N - B7 p+Tp
fo2) =(z—e)P + > _(-1) ) (7)
T=1

where z € D, p e N={1,2,---}, p(0< p<2),-1<B<A<L1and ¢ is a fixed
point in D. We have a new class A,(p) using of functions f,(z) is given in D
such that

T

oo
Jol) = (2 =) 4+ 3 (17 Zrari(z =) (®)
where z € D, p e N={1,2,---}, p(O p<2),-1<B<A<1ande¢isa fixed
point in D.
m P TBT pt+Tp
D™, (2) = p(z — ) +Z [p+ 7o+ 222" (- iz o) 9)

where -1 < B<A<1,v>0,peN={1,2,---},p>0, meNand ¢ is a fixed
point in D.
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When m =1

D) =0l =<+ 3o oot ] (1 gt -

oo BT oo
D'fy(2) = p(z — )" + Zp(—l)T;aHp(z —e)PtTP Y (-
=1 =1
BT T BT
(e =T Y ()T T (2 )T = Tp(z —e)
=1

(oo} oo
7, T v »B” r
p(z—¢)? E 5 aT+p(z—5) - E §p(—1) Faﬁp(z—s)p* P

T=1
= p ! B p+Tp
D'fy(x) = —5p(z =)’ = > op(=1) ——arip(z —¢)
T=1
o) BT
c—eP+ 3 p trip(z —)PT7P + g Tp(—1)7 S arip(z )"
TP B oy Y - B” ™
7:17(71) AT(IT+p(»’i*€)p+ P+ p(zf»s)p+T:1 510(*1) Far+p(2*5)p ?
Dl P > BT ptTp
folz) = =gp |(z =€)+ D (-1) “rarip( — o) +(z—¢)
T=1
oo T 00 BT
lp(z a E)p 1 + ;p(_l) AT a’T-H)(Z - €)p+Tp ! + ;Tp(—l) AT Ar+p
(Z E)erTPfl —+ ,-Y(Z — E) [p( g)p 1 + ;p(_l) G (17—+p(2’ _ 6)p+7’p71
+ i 7p(—1) EaTJr (z —g)Ptme—l
T=1 AT :
lep(z) Z—ZP l z—¢€ p+z a7+p(z_€)p+m]

+[1+3)e-9 [pcz Y D e s)pml}

T=1

D'fp(z) = —3p (@] + 1+ 1] =)o ()]

We introduce the following linear differential operator such that

DOf,(2) = fo(2)
2+~

D1+ B 10°5,0] = - 9) | 25| [D°50a))
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247

5 } (D" ()]

D 1y(2) + 2 (D", 0] = o) |

Then we have,
m - N~ 22T+ BT .
R S e A

also

m o S [2p+7p2+)]" BT .
D) = e+ Y [ 2 () gz — 7
=1
(11)
where - 1< B<A<1,v>0,peN={1,2,---},p>0,m e Ny and ¢ is a fixed
point in D.
Remark A: In particular
(1) Whene =7 =0,A=p=p=1and B=—1in (10), we have Salagean
differential operator [§].
(2) When p =1 1in , we obtain the linear differential operator introduced
by Hamzat and Raji [5].

Definition 1: Let f,(z) € A,(p) satisfies the analytic condition

R [Dm+1fp(z)} >
D™ fp(z)

for real ¢(0 < ¢ < 1) where ¢ is a fixed point in D, then we say that f,(z) €

S% B.m (P, 7,0, @) where S 5. (p,7,p, ¢) denote the class p-valently starlike func-

tions of order ¢.

Definition 2: Let f,(z) € A,(p) satisfies the analytic condition

(S

for real ¢(0 < ¢ < 1) where ¢ is a fixed point in D, then we say that f,(z) €
Ka.Bm(p,7,p, ¢) where K4 g.m(p,7,p, ») denote the class p-valently convex func-
tions of order ¢.

2. COEFFICIENT INEQUALITIES
Theorem 2.1 Let f,(z) € A,(p) satisfies the inequality
S |B"|

[2 (2
S BTN oo 4 )+ (420 - 2] D o

T=1
<S@-o-pp"(z -7, (12)
then f,(z) € S% g, (07, p,¢) where -1 <B<A<1,v>0,,0<¢<1,p>0,
m € Ny and ¢ is a fixed point in D. The equation is attained for function f,(z)
given by
fo(2) = (z—)P+

- 2m+1AT€iﬂ(2 —¢—p)p"(z — 5)p_1 5 )PP
L @+ ) )+ -2z B 09

T=1
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Proof: Suppose that f,(z) € A,(p) is of the form (1)), if f,(z) satisfies the iniquality

, then
‘(Dm+{ﬂ2)

D7 f(z)
Dm+1f(z) 1
D7 f(2)
0o T m+tl T B” T
A Gt e Vel e e M Gl st et A
Pz =)+ 0 | ] (1) By (2 - et

P (== llp =1+ X2, |2 (1) By (s — )
2p—2 | Tp(2+7)
+ | e

>1‘§(1¢>)

(e — o)+ 0 |2 (1) B (2 — )i

o Tp(2 2p+7p2+) ™ BT -
D p(2+v) [ P p2( 7)} (—1) %a7+p(z—€)p+ P

=|p-1+

pm(z —e)P + Zj‘;l {%@ﬂ)} (_1)T%a7+p(z —g)ptTe
oo Tp(2 2p+T1p(2 m T+ B” T
ZT:1 P(2+v) [ p+ 02( +7)} (-1) %arer(Z _€)p+ P

pm(z _ E)p 4 230:1 |:2p+7'/;(2+’¥)} (—1)7%%—4_1)(2 _ 5)p+7—p

=@P-D+

oo, Te) {2p+rp2(2+v)] (—1)7Elq (2 — )PP . 1
Mm(y — )P o0 2p+7p(2+7) " —1 T BT _ \p+Tp _( _¢))_(p_ )
p (Z 8) +ZT:1 2 ( ) AT a'rer(Z 5)

£, g (] oy oo ape |
m(y_ ey 4 S [2ren]| ™ qyr BT oyt | 2=9¢-p)
o — o+ x (2] (1B, (o o)

S Tp(2z+v) [2P+Tp2(2+7)] IBT

| Blla,ppllz —fptmet

pm(z _ g)p—l _ 2?—0:1 |:2P+T[;(2+’Y):| \3777_\|G,7_+p|‘z _ E|p+7—p_1

co  Tp(2+ 2p+T1p(24+ BT
DD p(2 'v){p /;( 7)} 1B7|

| |a7+p|
<

<(2-9¢-p)

_ BT
pr(z—ept =37, {LHWQ(ZH)} | ‘|a7+p|

This shows that f,(2) € S% g ,,(p: 7, P, ¢). Now suppose that f,(z) is given by @,
then we have that

> 2 2 2 BT 2 2 m
E:HK;WO{p+Tg +w} ||Mﬂﬂ+§:2 . {p+7g +w}
T=1

BT

| %HA<@—¢ PP (z — !
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i [2p+7’p 2+7)] |BT|‘ ol [T’)(Q;Vh-(?—@b_p)}

—

T=

<@2-¢—ppT(z—e)lP "

i [2p+7p 2+v)]m |B"|

AT [

[Tﬂ@ +7) + é4 —2¢— 2p)]

K
=

<@-6-pp"(z-

3o L@ b B o2 )+ (4 20— 2p)

<2-¢—pp"(z—e)P !

o0 T m BT
2 — 2[:rgl+ el [Tp(2 4+ 7) + (4 — 2¢ — 2p)] ‘Af‘|ar+p|

_ (2—¢—ppm(z—e)P!
_; T(r—1)

=(2-¢—pp z—eplz ) —¢—p)p"(z—e)P!

If m = 0 in Theorem 2.1, then the followmg corollary holds.
Corollary 2.2: Let f,(z) € A,(p) satisfies the inequality

oo BT 3

S+ -2 -] P < 26— )z -2,

=1
then fp( z) € 8% po(p,7:p, ¢). The equation is attained for function f,(2) given by

fo(2) = p(z — &)+

S 2472 -9 —p)(z — )P~ ! 5 )PP
D e I R R e - (G

Corollary 2.3: Let f,(z) € A,(p) satisfies the inequality
— 1 |BT| p—1
S a4y + (-20) Do < @ )z -2,
T=1

then f,(2) € S4 po(p,7,p,0). The equation is attained for function f,(2) given by

fo(2) = p(z — €)P+

s T -1
Z 247 (2 — p)(z —e)? (2 — e)oto
2+ Tp(2+v) A—2)] 57|
Corollary 2.4: Let f,(z) € A,(p) satisfies the inequality

Y52+ 7) + (4= 2)lfar] < 2-p)(z -,

=1

—_
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then f,(z) € ST _1 o(p,7,p,0). The equation is attained for function f,(z) given by

oo

p 2 p)(z—g)p ! Tp+p
O OV o e s (L

Corollary 2.5: Let f,(z) € A,(p) satisfies the inequality

'] 1 B
> 5 Bro+ (=20 [arsy| < 2 —p)(z =),

T=1

then f,(z) € ST _19(p,1,p,0). The equation is attained for function f,(z) given by

2(2 —p)(z —e)r~! -
folz) = Z_€p+z T(r+1)[3rp+ (4 — 2p)](z_5)P+P

Remark B: In a special situation

(1) When p = 1, then the inequality , which yield the result obtained by
Hamzat and Raji [5].

(2) Whenp =1, m =~ =0, A=1and B = —1, then the inequality ,
which gives the result obtain by Darus and Owa [2].

Theorem 2.6: Let the function f,(z) € A,(p) given by satisfies the inequality

0 2 2 m—+1 BT
S B2 0 = o) Dl < 20—l e
=1

(14)
where -1 < B<A<1,7>0,,0<¢<1,p>0,meNand ¢ is a fixed point
in D. Then

fp(z) S ’CA,B,m(pa Y, P, ¢)a

equality is attained for function f,(z) given by

fo(2) = (z - &)+

[es] 2m+1(1 ¢) ot
2 e e e e e e O (09

T7=1

Proof: Let f,(z) € A, be given by (6]). If f,(z) satisfies the (14)), then

(z =) (D™ f,(2))
DmtLfy(2)

-1 <(1-9)
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(z=a)(D™f(2)
Dm+1fp(z)

m—+1 -
PRz = )P+ 0, [T (ot 70)(<1) By (2 — )T

-1

m—+1
P =+ D [T (1) By (= - e

m—+1 -
(e — e+ 0, [T () (1) B (2 — P

m—+1 .
= (s — e — 0, [T (1) B (2 — et

= m—+1
Ptz —e)p + 3 {%@Jﬂ)} (—1)7BZa, (2 — e)ptre

m+1 .
S [T (<) By (2 — )P

T=1 2
(p=1)+ o [2ptrpiy ™ - <(1-9)
P — e+ 0, [T (1) B, (2 — )
m—+1 -
S [T (1) By (2 — )
< (1-9)

(p=1)+ o [2ptrp24m] ™t BT
Pz — e 0 [T (1) B (2 - e

[e%e} 2p+T1p(2 m+1 + BT T
S [ rp(-1) Brar ()t

< (1-¢)—(p—1))

m—+1
P =)+ D [T (1) By (- e

m—+1 .
S 2] rp a2 — et

T=1
< < (2-¢-p)
m _ o) 2p+7p(2 m+1 T _
N o e e
m+1 .
D [2P+T/;(2+’Y)} 7B |ar |
< o [2ptrp249)]™ L B <@Z=¢-p)
Pl (e et - T [T Ba |
ShOWng that fP( ) € ICA B, m(p7 v, P, ¢)
Now suppose that f,(z) is given by (8, then we have that
= [2p+7p2+7]" BT = 2p+7p2+)]""
5[ )™ s S e [2E T
=1

T=1

BT _
—laripl < 2= =Pz -

[e%s) m+1 T
> [2p+70 2+7)] z |\ar+p|[w+(2—¢> P < 2=¢=—p)p" T (z—e)P !

T=1
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= 2p+ Tp(2 + )]t BT m _

I e B A o

T=1
o [20 +7p(2 + )" B” o~ 2= ¢ —p)p" ! (z— )
L anzichmll [m+<2—¢—p>]'A—,'\aT+p|=Z( py i
T=1 T=1

=2-¢-pp™tY( “Z P =2-¢—pp"t(z -

3. PARTIAL SuMS

Theorem 3.1: Let the function f,(z) be of the form

Jo(2) = (2= 2 4 (1) (o = 2P (16)

where 7 = p = 1,2,3,--- also some real p(0 < p < 2), -1 < B < A <1, with
lary1] <1, >0, 0<¢<1 p >0, m € Ny. Then for |z — | = (r + )

P {Dm“fp(z)} N 1= [%@m] lB rlar+y| (17)
D™ f,(2) 1— [i%“gw] B a, |
and
m—+1 -
DL (2) 1 [2p+7f;(2+’v)} %(r + d)prre—1
R ol (18)
Dmf,(z)

1— [2p+7p2(2+7)}m B~ (y 4 dypt7e-1

Proof: Suppose that f,(z) be of the form , then

{Dm+1fp(z)]
D f,(z)
m—+1
pm—i-l(z _ 8)p + [2p+7/;(2+’y)} (_1)7%:%4_1,(2 - E)p+Tl)
=R ™
O e e i

{Dm—’_lfp(z)]

D f,(z)

Pt (2 —e)pl 4 | 22ATEE | ()T B (2 — )Pt
n |:2P+7'/;(2+’Y):| [70(2;7)} (—1)"Bla, (2 — e)pr7e—1

m
pm(z —e)P~1 + [721#7’)2(2#’)} (-1)78a, (2 —e)ptre—t
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[D“fp(z)]
D™ f,(2)
. ) {217'5‘7'/;(2"!")’)} {7'/)(224‘7)} (_1)7 %:arer(z _ E)p+7’p—1
pm(z —e)P~1 4+ [72p+7p2(2+7)} (-1)7EZa, 4, (2 —e)pto-l
{Dm“fp(z)]
D f,(z)

[2p+'rf12(2+v)}m [Tp(22+v)} (r + d)p+‘rp716i9(17+‘rp71)

% |artpl

=p+R -
pm(z — )Pl + {%@ﬂ)} By i p|(r + d)ptTo—1eifwtro—1)

R {Dmﬂfp(z)
Dmfp(z)
[Tp(22+7)} [2p+r;;(2+v)} [pm(z _ E)p—l] %|ar+p‘(r + d)p+7p—1 cos((p+7p—1)0 + )

27 . - 2m
+ B |arap 2 (r + d)2PH7P=D) [ P(22+7)] {2P+ g(2+7)]

|-+

Pz = )7 2 (z = e AR B (4

2m -
cos((p+7p = 1)0 +9) + [%@M)} ]j; |arip|?(r + d)2PH7e=1)

m{ D7, (2)

(o] [ | oo,y |+ dypiet [[p% 1] cos((p-+ mp— 16+ 9)

|-+

By gy (r o+ d)rrromD) 2247620 ]

PP (2 — €)% 4 2 (z — )P [2p+7’l;(2+'y)} B |ar | (r + d)ptTot

2m -
cos((p+7p = 1)0 +9) + {W} ﬁi arip|?(r + d)2Ptme=1)

Suppose [(t) is define by
BT larp|(rd) eV [T ™ 1y

m T
P2 (z — )2P=2 4 2™ (z — )P [2p+rg(2+7)} %\af+p|(7“ + )Pt

1(t)=

2m .
4 {2p+‘rg(2+'y)] IZ’; |a7-+p|2(7‘ + d)Q(P+~rp—1)

where
t=cos((p+71p—1)0+90)
Then, we have I'(t) > 0 and |a,4,| < 1. we obtain

m T
Tp(2+v)} [2P+TP(2+’Y)} B p|(r + d)ptmo-t

%{Dﬁjw]ﬂ[ z -
) 1= (2] B+ e

(19)
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Putting r — 0 and d = 0 in (19), we obtain the desired result in while we

have the inequality in by putting |ar4p| =11in .
Remark C: In the special cases:

(1) Whenm =0,y=0and p=1in and (I8), then we obtain result of
Darus and Owa [2].
(2) When p =1 in and , then we obtain result of Hamzat and Raji
[5].
Acknowledgment. The author wish to thank the referees(s) for their relevant
suggestions which improved the presentation of the paper.
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