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Abstract

The aim of this paper is to use (U,V)-Lucas polynomials to introduce and study a new family
of holomorphic and bi-univalent functions defined in the open unit disk which involve ¢-derivative
operator. We investigate upper bounds for the Taylor-Maclaurin coefficients |dy| and |d3| and Fekete-
Szegd problem for functions belongs to this new family. Some interesting consequences of the initial
results established here are indicated.
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1. Introduction and definition

Lucas, Dickson, Chebyshev, Lucas-Lehmer, Fibonacci and Lucas-Lehmer polynomials all have a
lot of interest in current research. These polynomials are essential in mathematics and have a wide
range of applications in combinatorics, number theory, numerical analysis and other fields. As a
result, they’ve been thoroughly researched and many generalizations have been made (see, for more
details, [16, 2], 23] 28, 51, 53, [7, 18], 25, 29]). Within the discipline of classical mathematical analysis,
quantum calculus is a major topic of study. It is a broad subject of study with historical roots as
well as contemporary relevance. It is important to note that quantum calculus has a long history
that dates back to the work of Bernoulli and Euler. However, due to its wide range of application,
it has piqued the interest of modern mathematicians in recent decades. It entails sophisticated
calculations and computations, making it more challenging than the rest of the mathematics subjects.
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Due to the enormous demand for mathematics that simulates quantum computing, it has recently
sparked interest. Quantum calculus emerged as a link between physics and mathematics. Quantum
mechanics, analytic number theory, theory of relativity, mechanical engineering, heat conduction
theory, particles physics, nonlinear electric circuit theory, and physics are just some of the fields
where it is used. Quantum calculus, often known as g¢-calculus, replaces the usual derivative with
the difference operator, allowing for non-differentiable curves and multple formulas.

We let 4 = {z: 2z € €, |z| < 1} be a unit disk and let 2 denote the class of analytic functions of
the form

) =2+ dz" (z€4) (1.1)

normalized by the condition f(0) = f'(0) —1 = 0. Let & C 2 be the class of holomorphic and
univalent function in L.

Lewin [22] presented the class of bi-univalent functions as a subclass of 2 and identified certain
coefficient bounds for the class. He showed that |ny| < 1.15. Furthermore, the Koebe 1/4 theorem
(see [14]) states that the range of every function f € S contains the disc d,, = {w : |w| < 0.25},
hence, for all f € S with its inverse f~!, such that

FHfR) =2 (zey)

and
fU W) =w, (w:lw| <ro(f);ro(f) > 0.25)

where f~!(w) is expressed as
G(W) =W — d2w2 —I— (2d% — d3)(d3 — <5dg — 5d2d3 —I— d4)w4 —I— LR (12)

So, a function f € 2 is said to be bi-univalent in 4l if both f(2) and G(z) are univalent in 4[. Let ¥
denote the class of holomorhic and bi-univalent functions in 4l.

We know that some familiar functions f € S such as the Koebe function x(z) = z/(1 — 2)?, its
rotation function s (2) = z/(1 — €“2)?, f(z) = 2 — 2?/2 and f(z) = z/(1 — 2?) are not members of
Y. Also some functions f € (SN X) includes f(z) = z, f(z) = 1/2log[(1 — 2)/(1 — 2)], z/(1 — 2).
For more details see [I} 2, 5, 6, (12, I3, [I7, 32, 38, 46, 39, 44, 48, 50, A1, 56, 27, 37, 40, 42, 43, 45, 47,
19, (54, 125, 33, 34, [35].

From [I4], let s(z), S(z) € A, then s(z) < S(z), z € 4, suppose w holomorphic in I, such that
w(0) =0, |w(z)| <1 and s(z) = S(w(z)). If the function S(z) is univalent in Y then s(z) < S(z) =
s(0) = S(0) and s(4) € S(L). The principle of subordination is the name given to this conclusion.

Jackson [20], 19] pioneered the use of g-calculus, and investigations on quantum groups eventually
recognized the geometrical meaning of g-analysis. This has inspired many ¢-theory scholars to extend
all of the important conclusions utilizing classical analysis to their g-analogs. See [3] 4] 9] [T}, 26], B30,
31] for recent work on g-calculus.

For function f € 2, the ¢-derivative of f can be defined by

f(z) = f(qz)
(1-q)2

where D, f(0) = f'(2) and D2 f(2) = Dq(D,f(2)). Applying and we have

D,f(z) = (z#0, 0<g<1) (1.3)

D,f(z) =1+ i[r]qdrz’"_l
r=2
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and -
D5f(2) = Y lrllr — Uydoz"
r=2
where [r]q = %7 [7’ — 1]q — 1*111:;1’ 1(}%1[7“](1 = r and 1;%111[7” — 1] =r—1

Let’s get started with some definitions.

Definition 1.1. [21] Let U(z) and V(x) be polynomials with real coefficients. The (U,V')-Lucas
polynomials Ly v(x) are defined by the recurrence relation

EU’VJ(J/’) = U(ZL‘)EU’V’t_l(J,’> + V(x>£U,V,t—2<x) (t Z 2) (14)

The first few Lucas polynomials can be found in the following way:

EU,V,O(iﬂ) =2,

Lyyi(z)=U(z),

Lyya(z) =U?(x) + 2V (z),

Luvs(r) =U3(x) +3U(x)V(z). (1.5)

Definition 1.2. [21] Let My, )y(2) be the generating function of the (U,V)-Lucas polynomial
sequence Ly yvi(x). Then

Mz, (2) = ZEU,V,t(JT)Zt =1 U2(;),Zz](—xi/z(x)22 (1.6)

This section begins with the definition of class 25(s; ) and the estimation of coefficients |n|
and |ng| for functions in this class.

Definition 1.3. For 6 >0, |s| <1 but s # 1, a function f € ¥ is called in the class QT?"S(S;JU) if
the following subordination conditions are satisfied:

{ (1-s)z 1°
F(2) = f(sz2) (Dgf)(2) <= Mgy, @p(2) =1 (1.7)
and

[ (1—shw 7°

G(w) — G(sw) (D46 (W) = Mizyy@p(w) — 1. (1.8)

By choosing special values for s and ¢ the class %57‘5(5; x) reduces some interesting new classes:
Remark 1.4. For s =0, we have the new class
2500 ) — 9750
0,°(0;7) =V, (x).

The class V2 (x) consists of the functions of f € ¥ satisfying

o] @) < M) -1 (19)

and

1)
o] @O < M) -1 (110

W



618

Remark 1.5. For 06 =0, we have the new class
S0(c. ) — =
U, (s;0) =TV (x).
The class Q]qz(x) consists of the functions of f € X satisfying

(D f)(2) = My, @py(2) — 1

and
(DG) (W) < Mgy @ (w) — 1.

Remark 1.6. For 0 = 1, we have the new class
Sl ) — (e
U, (s;2) =BV, (s;1).
The class Q]qz(s; x) consists of the functions of f € ¥ satisfying

(1—39)z

[m_ (Do f)(2) = Mizy@p(2) — 1

and

[ =90 ] 6)(w) < Mz oy (@) — 1

G(w) — G(sw) |

Remark 1.7. For 6 =1 and s = 0, we have the new class
DR WIS 5
U, (0; ) = T (x).

The class Q]qz(x) consists of the functions of f € X satisfying

[défq(—];;(z) < Micyyuy(2) =1
and o
{%_ = M{Cu,v,t(x)}(w> —1.

Our first main result is given by Theorem [I.8] below.

Theorem 1.8. Let f(z) € V2*(s; x), then

U (@) VIU(2)]

|da| <

U?(x)

and

U(2)]
2l =01 +9)]> Bl =01+ s+ %)

0[S (1+9)? = [2(1+s)] + ([8], — (1 + s + 52))

— (2l = 6(L +9))*| —2V(2)([2]; — 6(1 + 5))?

Shaba, Wanas

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)

: (1.17)

(1.18)
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Proof . Let f(z) € U2°(s;x). Then, from Definition (1.2), for some holomorphic functions T, @

f
such that T(0) = ®(0) =0 and |Y(2)| < 1, |®(2)] < 1, for all z,w € U, we can have

§

=9z o .
[f(Z) — f(s2) (Dgf)(2) = Mz, @) (2(2) — 1
and ( | 5
1—s)w
{G(w) — G(sw)} (9,G)(w) = Micyy,@n(T(w)) — 1,

by equivalence

—<1_S)Z ’ z) = — x x)P(z )P () + - -
S| @D = 1+ Larale) + LoaR) + Luvalo)() +
and
(1= s 6 = — T )Y (w 22 (w
{G«u)—a(sm} (94G)(w) = =L+ Luzwo(w) + Luva(@)T (@) + Loy (@) Tw) + -

From ([1.19) and (1.20)), yields

-9z 1" 2| 2
{m} (D,0)(2) =1+ Lyva(x)yiz + | Luvi(z)ys + Loyva(x)yi |27+ -
and
1-sw 1° 2
{G(w) ~ G(sw)} (D,G) (W) =1+ Lyyvi(@)mw + | Lova(z) s + Loya(v)p?

If for z,w € 4, it is already known that

D(2)| = > w2 | < 1
j=1
and
Tw)] = |3 et | < 1.
j=1
then
ly;| <1
and
il <1

where j € 91. When the corresponding coefficients in (1.21]) and ([1.22]) are compared, we get

[12]g = 0(1 + s)]d2 = Lyva(z)ys,

1+0

0 | —5—(1+5)* = [2]g(1 +5)| d5+ ([8], — 6(1 + 5+ 5°))dz = Loy (2)y2 + Lova(@)yi

2

w2+

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)
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(1 +s) = [2lgldz = Lova(z)pm,

140
(5 [%(1 +5)? = [2];(1+ )| +2([38]; —0(1+ s+ 32))) d;
—(Bly = 0(1 + s+ 5*))ds = Loy () e + Luya(a)ui.
From ([1.25) and (1.27)
Y1 = —H1,
2([2] — (1 + 8))*dy = Ly (@) (yi + p)-
Summation of ([1.26]) and (1.28)) gives

25 | L2200 4 8 — (21 4 5) | 8 2([8)y — 61+ 5+ 7))

= Luva(x)(ys + p2) + Love(@)(yi + 17) = Lova(x)(y2 + pe)

i i)

Applying (1.30) in (L.31), yields

2L7 () [5 {1%6(1 )" = 21+ S>1 Pl 82))}

— 2Ly (2)[[2], — 6(1+ 5))*

d3 = L1 (@) (y2 + p2)

U%(z) |2 [5 [1—”(1 +5)2 - [2],(1+ s)] + (8], — 6(1+ s+ 52))}

2

=22, — 61+ 9))* | — 4V (2)][2]; — 6(1 + 5)]*

which gives

< V@)U

U(2) |6 [H2(1+5)° = [20g(1+5)] + (8] — 6(1 + 5+ 5%))

= ([2lg = 0(1+9))*| —2V(2)([2] — 0(1 + 5))*

\

Hence, (1.26]) minus (|1.28)) gives us

2([3]g = 0(1 + s+ 5%)lds — 2([3]g — 3(1L + s + 5%)|dz = Luva(2)(y2 — p2)-

(1.27)

(1.31)

(1.32)

dy = U*(x)(y2 + pi2)

(1.33)
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Then, by using ([1.29) and ((1.30)) in (1.33]), we get

EU,V,l(l’)(yQ - ,UQ)
2[[3], —0(1 + s + s2)]
Ly () (i + 13) Luva(x)(y2 — p2)

Rl — o+ )R 2Bl o(1+ s+ )] (1.35)

d3 = d5 + (1.34)

Applying (1.5)), we have

U*(z) U ()]

e PP T M P (e

As a result, the proof of our primary theorem is complete. []

2. Corollaries
We get the following by specializing the parameters s, 9, in Theorem [1.8}

Corollary 2.1. Let f(z) € B (s;x) = B, (s;x), then

< U@)/IT@)] | 1)
J U () [5(1 — [2]g) — (2l + [3), — (2, — (1 + )2

S V@), - (14 )

U?(x) U(2)]

S [P s R [y sy 22)
Corollary 2.2. Let f(z) € U°(0;x) = 0;°(x), then
< V@) T@ | 23)
U2 (w) [6 [ — [20,] + (B, — ) — (2], — "]
J oV (@) (2], - 67
< Vo), UG o

[2]g — 0> |18l — ol
Corollary 2.3. Let f(z) € U)°(s;x) = U7 (s;x), then

] < U (@) VIU(2)]

J ‘UQ(@“){B]q — 213} + 21213V (2)
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Corollary 2.4. [5]] Let f(z) € 07°(s;x) = U (s;x), then as g 11

U (2)[IU ()]

|da| <

9

J |U2(x) + 8V (2)

@) | V@)

3

|ds| < +

Corollary 2.5. Let f(z) € U»'(0;2) = U (x), then

0 < U @)U 25)
JlﬂmﬂBh+PhPEﬂ2V@Mqu2

Ux) | |U()
S RS TER STk (26)
Corollary 2.6. [2]] Let f(z) € 0°'(0;z) = 0, (), then as ¢ T 1
)
do| < U(2) ——=, 2.7
i < V) e (2.7)
i) < %) + 12020 (2.8)

The Fekete-Szego functional upper bound is given by the following theorem:

Theorem 2.7. Ford >0, [s| <1 but s # 1, let f € A be in the class V°(s;x). Then

|U(=)]
Bl—s(tstao)’ xX—1<H
|ds — xdj| < 3
[1—x[-|U°(2)]
TR o, s X U2 H.
Where 1 »
x
H= A —2(12], — o(1 + s 2
|[3]q_5[1—|—8—|—52]| ‘ ([ ]q ( )) U2(x)

A=5 {1%‘5@ +5)2 = [2,(1 + s)] + ([8lg — 81+ s +5%) — ([2]g — 6(1 + 9))*.

Proof . From (1.32)) and ((1.33)), we get

ds — Xd% = EU,V,1(9€)

1
(G“”ﬂ+2mb—au+s+ﬁﬂ)”
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where
£2Uv,1(93)(1 - X)
2L3 vy () [0 [H2(1+ )" = [20,(1 +8)] + (8], — (1 + 5 + 5%)]
— 2Ly (@) [[2], — 6(1+ )2

G(x;z) =

Thus, according to (|1.5)), we have

Ulx)
) [[8]g—8(1+s+s2)|? 0 < |G(Xa )| m
‘d?) - Xd2| <
2[G(x; )| - |U(2)], |G x)| 2 m

hence, after some calculations, gives

U (=)
Bla=d(1t+s+52)]’ Ix—1=H

ds —ng <

[1—x[|U° ()|
U2 (z)A=2V (2)[[2]q—0(1+5)]?[ 7 x -1z H.

O

Corollary 2.8. For s =0, let f € U be in the class 0, °(0;x) = V2 (x). Then

|U ()]
3l —o]" X —1] = H,
|ds — xd| < 3
[1—x|-|U" ()]
|U2(x)/\1—X?V(x)[[2]q—6]2|’ X =1 2 Hi.
Where 1 Vo
H = ——— A —2(12], — 6)° o
VR e | AP
1+9
Ay =9 { 5 [Q]q] + ([3]11 —0) — ([2]q — 5)2.
Corollary 2.9. For 6 =0, let f € A be in the class ;qu,o(s;x) _ Q]?(x), Then
ll{?,(]?'v X — 1] = Hy
’d3_ng‘§ [1—x||U ()|
1—x|-|U°(z
\UQ(m)AXz—W(x)[Q}gp ‘X - 1| 2> H,.
Where o
x
H2 AQ — 2[ ]
[3]q 102 (x)
A = [3], — 22
Corollary 2.10. [§] For § =0, let f € 2 be in the class m?,O(s;x) _ ’Iif(x). Then as g 11
S X —1] = )1+8V((z>)
|ds — xd3| <
|1 x[U? (@) Vi
ooy X U251+ 85
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Corollary 2.11. Ford =1, let f € 2 be in the class B (s;x) = B, (s;x). Then

] < By Y — 1| < Hs
o e X~ 1 2 Ha

Where
i, - ! Ay = 2((2], - (1+5)* )

Blg = [1 45+ 57]] U?(x)
As = s(1—[2]) — [2]g + 8]y — (2l — (1 +5))*.

Corollary 2.12. Ford =1, s =0, let f € 2 be in the class B, (0;x) = B, (x). Then

q

U (x)|
) Blq—1] |X - 1| é H4
[ = x| < [1—x|-[U3 ()|
1—x|-|U?(z
Torv@ Ry X~ 2 Ha
Where . V( )
X
Hy= ——— Ay —2([2], — 1)?
|[3]q — 1] ! U?(r)

A= (3l + (2, — 22 - 1.

q

Corollary 2.13. [52] For§ =1, s =0, let f € A be in the class ‘BqE’I(O;x) = U>(z). Then asq 11

q

Ul(x Vix

vl - s
s = x| < |1 |U(=)] V()|

e XU 2w
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