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Coefficient estimates for a subclass of bi-univalent
functions involving the q-derivatives operator 1
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Abstract

In this current study, we introduce and investigate a new subclass

of holormorphic and bi-univalent functions Eη,ϕ
q (ϑ) in the unit disk ⋋

associated with q-derivative operator. The coefficient estimates |b2| and
|b3| on the new subclass are obtained and important results are indicated.
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1 Introduction

Let A be the class of all holomorphic functions of the form

(1) F(z) = z +

∞∑
κ=2

bκz
κ

in the open unit disk ⋋ = {z ∈ C : |z| < 1}.
1Received 14 January, 2021

Accepted for publication (in revised form) 27 February, 2021

41



42 T. G. Shaba, A. K. Wanas

A function F(z) which is analytic is said to be subordinate to an analytic

function g(z), denoted by F ≺ g, provided there is an holomorphic (Schwarz)

function w with w(0) = 0, |w| < 1, for all z ∈ U satisfying F = g(w(z)) for all

z ∈ U.

The famous Koebe one-quarter theorem [12] ensure that the image of U

under every univalent function F ∈ A contain a disk of radius 1
4 . Furthermore,

all univalent function F has an inverse F−1 satisfying F−1(F(z)) = z and

F−1(F(w)) = w,

(
|w| < r0(F), r0(F) ≥

1

4

)
where

g(w) = F−1(w) = w− a2w
2 + (2b22 − b3)w

3 − (5b32 − 5b2b3 + b4)w
4 + · · · .

A function F ∈ A denoted by E is said to be bi-univalent in U if both F and

F−1 are univalent in U.

In [8], Ali et al introduced certain subclasses of the bi-univalent function

class E using subordination which widen the results of Brannan and Taha

[10], from then on, numerous researchers as introduced subclasses of the bi-

univalent function class E and investigated the first two coefficients |b2| and
|b3| of series expansion (1). Such as ([4, 15, 14, 11, 24, 21, 13, 22, 32, 20, 19,

23, 1, 29, 30, 31]).

Jackson [17, 18] introduced the q-derivative operator Dq of a function as

follows:

(2) DqF(z) =
F(qz)− F(z)

(q − 1)z

and DqF(z) = F′(0). In case F(z) = zκ for κ is a positive integer, the q-

derivative of F(z) is given by

Dqz
κ =

zκ − (zq)κ

(q − 1)z
= [κ]qz

κ−1.

As q −→ 1− and κ ∈ N, we get

(3) [κ]q =
1− qκ

1− q
= 1 + q + · · ·+ qκ −→ κ
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where (z ̸= 0, q ̸= 0), for more details on the concepts of q-derivative (see

[16, 3, 5, 6, 7, 26, 27, 9]).

Let ϑ(z) be an holomorphic function with positive real part in U such that

ϑ(0) = 1, ϑ′(0) > 0

and ϑ(U) is symmetric with respect to real axis, which is of the form:

(4) ϑ(z) = 1 +B1z +B2z
2 +B3z

3 + · · ·

where B1 > 0.

Using the q-derivative we now introduce the following subclass of holomor-

phic and bi-univalent functions.

Definition 1 A function F ∈ E, 0 ≤ η ≤ 1, ϕ ∈ N0 and z,w ∈ U is said

to be in the class Eη,ϕ
q (ϑ) if each of the following subordination condition are

fulfilled:

(5) (1− η)

(
DqF(z)

)ϕ

+ η

(
z(DqF(z))

′ +DqF(z)

)
(DqF(z))

ϕ−1 ≺ ϑ(z)

and

(6) (1− η)

(
Dqg(w)

)ϕ

+ η

(
w(Dqg(w))′ +Dqg(w)

)
(Dqg(w))ϕ−1 ≺ ϑ(w),

where g(w) = F−1(w).

Remark 1 Putting q −→ 1−, η = 0, ϕ = 1 and

ϑ(z) =
1 + (1− 2φ)

1− z
(0 ≤ φ < 1) and ϑ(z) =

(
1 + z

1− z

)ρ

(0 < ρ ≤ 1),

the class Eη,ϕ
q (ϑ) reduces to the classes Hρ

E and HE(φ) introduced by Srivastava

et al. [28] which are subclasses of the functions F ∈ E satisfying

| arg(DqF(z))| <
ρπ

2
, | arg(Dqg(w))| < ρπ

2

and

ℜ(DqF(z)) > φ, ℜ(Dqg(w)) > φ

respectively.
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Remark 2 Putting

ϑ(z) =
1 + (1− 2φ)

1− z
(0 ≤ φ < 1) and ϑ(z) =

(
1 + z

1− z

)ρ

(0 < ρ ≤ 1),

the class Eη,ϕ
q (ϑ) reduces to the classes Hη,ϕ

E (q; ρ) and Hη,ϕ
E (q;φ) introduced by

Akgul [2] which are subclasses of the functions F ∈ E satisfying

∣∣∣∣∣arg
(
(1− η)

(
DqF(z)

)ϕ

+ η

(
z(DqF(z))

′ +DqF(z)

)
(DqF(z))

ϕ−1

)∣∣∣∣∣ < ρπ

2
,

∣∣∣∣∣arg
(
(1− η)

(
Dqg(w)

)ϕ

+ η

(
w(Dqg(w))′ +Dqg(w)

)
(Dqg(w))ϕ−1)

)∣∣∣∣∣ < ρπ

2

and

ℜ

(
(1− η)

(
DqF(z)

)ϕ

+ η

(
z(DqF(z))

′ +DqF(z)

)
(DqF(z))

ϕ−1

)
> φ,

ℜ

(
(1− η)

(
Dqg(w)

)ϕ

+ η

(
w(Dqg(w))′ +Dqg(w)

)
(Dqg(w))ϕ−1)

)
> φ

respectively.

We shall need the following Lemma in our investigation.

Lemma 1 [25] Let the function p ∈ P be given by the following series:

p(z) = 1 + p1z + p2z
2 + · · · (z ∈ U).

The sharp estimate given by

|pn| ≤ 2 (n ∈ N)

holds true.

The aim of the current paper is to find estimates on the coefficients |b2|
and |b3| for function in this new subclass Eη,ϕ

q (ϑ) of the function class E.
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2 A Set of Main Results

Theorem 1 Let F ∈ Eη,ϕ
q (ϑ) be of the form (1). Then

(7) |b2| ≤ min

{
B1

(η + ϕ)[2]q
,

√
2B

3
2
1√

2B2
1(ϕ+ 2η)[3]q +B2

1(ϕ+ 2η)(ϕ− 1)[2]2q + 2(η + ϕ)2[2]2q(B1 −B2)

}

and

(8) |b3| ≤ min

{
32(ϕ+ 2η)(1− ϕ) + 8B2

8(ϕ+ 2η)[3]q
,

B1

(ϕ+ 2η)[3]q
+

B2
1

(η + ϕ)2[2]2q

}
,

where the coefficients B1 and B1 are given as in (4).

Proof. Let F ∈ Eη,ϕ
q (ϑ) and g = F−1. Then there are holomorphic functions

s, t : U −→ U with s(0) = t(0) = 0, satisfying the following conditions:

(9)

(1− η)

(
DqF(z)

)ϕ

+ η

(
z(DqF(z))

′ +DqF(z)

)
(DqF(z))

ϕ−1 = ϑ(s(z)), z ∈ U

and

(10) (1−η)

(
Dqg(w)

)ϕ

+η

(
w(Dqg(w))′+Dqg(w)

)
(Dqg(w))ϕ−1 = ϑ(t(w)),w ∈ U.

Define the functions x and y by

(11) x(z) =
1 + s(z)

1− s(z)
= 1 + x1z + x2z

2 + · · ·

and

(12) y(z) =
1 + t(z)

1− t(z)
= 1 + y1z + y2z

2 + · · · .

Then x and y are analytic in U with x(0) = y(0) = 1. Since we have s, t :

U −→ U, each of the functions x and y has a positive real part in U. So, in

view of the above Lemma 1, we have

(13) |xn| ≤ 2 and |yn| ≤ 2 (n ∈ N).
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Solving for s(z) and t(z), we have

(14) s(z) =
x(z)− 1

x(z) + 1
=

1

2

[
x1z +

(
x2 −

x21
2

)
z2
]
+ · · · (z ∈ U)

and

(15) s(z) =
y(z)− 1

y(z) + 1
=

1

2

[
y1z +

(
y2 −

y21
2

)
z2
]
+ · · · (z ∈ U).

By substituting (14) and (15) into (9) and (10) and applying (4), we get

(16) (1− η)

(
DqF(z)

)ϕ

+ η

(
z(DqF(z))

′ +DqF(z)

)
(DqF(z))

ϕ−1

= ϑ

(
x(z)− 1

x(z) + 1

)
= 1 +

1

2
B1x1z +

[
1

2
B1

(
x2 −

x21
2

)
+

1

4
B2x

2
1

]
z2 + · · ·

and

(17) (1− η)

(
Dqg(w)

)ϕ

+ η

(
w(Dqg(w))′ +Dqg(w)

)
(Dqg(w))ϕ−1

= ϑ

(
y(w)− 1

y(w) + 1

)
= 1 +

1

2
B1y1w+

[
1

2
B1

(
y2 −

y21
2

)
+

1

4
B2y

2
1

]
w2 + · · ·

Equating the coefficients in (9) and (10), yields

(18) (η + ϕ)[2]qb2 =
1

2
B1x1,

(19) (ϕ+ 2η)[3]qb3 +
(ϕ+ 2η)(ϕ− 1)[2]2q

2
b22 =

1

2
B1

(
x2 −

x21
2

)
+

1

4
B2x

2
1,

(20) −(η + ϕ)[2]qb2 =
1

2
B1y1

and

(21) (ϕ+2η)[3]q(2b
2
2−b3)+

(ϕ+ 2η)(ϕ− 1)[2]2q
2

b22 =
1

2
B1

(
y2 −

y21
2

)
+
1

4
B2y

2
1.

From (18) and (20), we have

(22) x1 = −y1
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and

(23) 2(η + ϕ)2[2]2qb
2
2 =

1

4
B2

1(x
2
1 + y21).

Also from (19) and (21), we obtain

(24) 2(ϕ+ 2η)[3]qb
2
2 + (ϕ+ 2η)(ϕ− 1)[2]2qb

2
2

=
1

2
B1

[
x2 + y2 −

(
x21 + y21

2

)]
+

1

4
B2[x

2
1 + y21]

by applying (23), we have

(25) b22 =
B3

1(x2 + y2)

2[2B2
1(ϕ+ 2η)[3]q +B2

1(ϕ+ 2η)(ϕ− 1)[2]2q + 2(η + ϕ)2[2]2q(B1 −B2)]
.

Applying Lemma 1 for the coefficients x1, x2, y1, y2 in (23) and (25), we get

(26) |b2| ≤
√
2B

3
2
1√

2B2
1(ϕ+ 2η)[3]q +B2

1(ϕ+ 2η)(ϕ− 1)[2]2q + 2(η + ϕ)2[2]2q(B1 −B2)
,

(27) |b2| ≤
B1

(η + ϕ)[2]q
,

which gives the estimates of |b2|.
Furthermore, in order to find the bound on |b3|, we subtract (21) from (19)

and also applying (22), we obtain x21 = y21, hence

(28) 2(ϕ+ 2η)[3]qb3 − 2(ϕ+ 2η)[3]qb
2
2 =

1

2
B1(x2 − y2),

then by substituting of the value of b22 from (23) into (28), gives

b3 =
B1(x2 − y2)

4(ϕ+ 2η)[3]q
+

B2
1(x

2
1 + y21)

8(η + ϕ)2[2]2q

So we have

|b3| ≤
B1

(ϕ+ 2η)[3]q
+

B2
1

(η + ϕ)2[2]2q

Also, substituting the value of b22 from (24) into (28), we get

|b3| =
4(ϕ+ 2η)B2

1(x
2
1 + y21)(1− ϕ) + 4B1x2 + (x21 + y21)(B2 −B1)

8(ϕ+ 2η)[3]q

and we have

|b3| ≤
32(ϕ+ 2η)(1− ϕ) + 8B2

8(ϕ+ 2η)[3]q

which gives us the desired estimates on the coefficient |b3|.



48 T. G. Shaba, A. K. Wanas

3 Corollaries and Consequences

Putting q −→ 1− in Theorem 1, we have the following corollary.

Corollary 1 Let the function F(z) given by (1) be in the class Eη,ϕ(ϑ). Then

|b2| ≤ min

{
B1

2(η + ϕ)
,

B1

√
B1√

3B2
1(ϕ+ 2η) + 2B2

1(ϕ+ 2η)(ϕ− 1) + 2(η + ϕ)2(B1 −B2)

}
and

|b3| ≤ min

{
32(ϕ+ 2η)(1− ϕ) + 8B2

24(ϕ+ 2η)
,

B1

3(ϕ+ 2η)
+

B2
1

4(η + ϕ)2

}
.

Taking ϑ(z) =
(
1+z
1−z

)ρ
= 1 + 2ρz + 2ρ2z2 + · · · (0 < ρ ≤ 1) in Theorem

1, we have the following corollary.

Corollary 2 Let the function F(z) given by (1) be in the function class Hη,ϕ
E (q; ρ)

where (0 < ρ ≤ 1). Then

|b2| ≤ min

{
2ρ

(η + ϕ)[2]q
,

2ρ√
2(ϕ+ 2)[3]qρ+ ((η + ϕ)2 − (ρη(2 + η) + ϕρ))[2]2q

}

and

|b3| ≤ min

{
2(1− ϕ)ρ2

(η + ϕ)2[3]q
+

2ρ2

(ϕ+ 2η)[3]q
,

2ρ

(ϕ+ 2η)[3]q
+

4ρ2

(η + ϕ)2[2]2q

}
.

Remark 3 Corollary 2 is an improvement of the following estimates investi-

gated by Argul [2].

Corollary 3 [2] Let the function F(z) given by (1) be in the function class

Hη,ϕ
E (q; ρ) where (0 < ρ ≤ 1). Then

|b2| ≤
2ρ√

2(ϕ+ 2)[3]qρ+ ((η + ϕ)2 − (ρη(2 + η) + ϕρ))[2]2q

and

|b3| ≤
2ρ

(ϕ+ 2η)[3]q
+

4ρ2

(η + ϕ)2[2]2q
.



Coefficient estimates for a subclass of bi-univalent ... 49

Taking q −→ 1−, η = 0 and ϕ = 1 in Corollary 2, we have the following

corollary.

Corollary 4 Let the function F(z) given by (1) be in the function class E(ρ),

where (0 < ρ ≤ 1). Then

|b2| ≤ min

{
ρ, ρ

√
2

ρ+ 2

}
and

|b3| ≤ min

{
2ρ2

3
,
ρ(3ρ+ 2)

3

}
.

Remark 4 Corollary 4 is an improvement of the following estimates investi-

gated by Srivastave et al. [28].

Corollary 5 [28] Let the function F(z) given by (1) be in the function class

HE(ρ), where (0 < ρ ≤ 1). Then

|b2| ≤ ρ

√
2

ρ+ 2

and

|b3| ≤
ρ(3ρ+ 2)

3
.

Taking ϑ(z) = 1+(1−2φ)
1−z = 1 + 2(1− φ)z + 2(1− φ)z2 + · · · (0 ≤ φ < 1)

in Theorem 1, we have the following corollary.

Corollary 6 Let the function F(z) given by (1) be in the function class Hη,ϕ
E (q;φ)

where (0 ≤ φ < 1). Then

|b2| ≤ min

{
2(1− φ)

(η + ϕ)[2]q
,

√
4(1− φ)

2(ϕ+ 2η)[3]q + (η + ϕ)2(ϕ− 1)[2]2q

}
and

|b3| ≤
4(1− φ)2

(η + ϕ)2[2]2q
+

2(1− φ)

(ϕ+ 2η)[3]q
.

Remark 5 Corollary 6 is an improvement of the following estimates investi-

gated by Argul [2].
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Corollary 7 [2] Let the function F(z) given by (1) be in the function class

Hη,ϕ
E (q;φ) where (0 ≤ φ < 1). Then

|b2| ≤

√
4(1− φ)

2(ϕ+ 2η)[3]q + (η + ϕ)2(ϕ− 1)[2]2q

and

|b3| ≤
4(1− φ)2

(η + ϕ)2[2]2q
+

2(1− φ)

(ϕ+ 2η)[3]q
.

Taking q −→ 1−, η = 0 and ϕ = 1 in Corollary 6, we have the following

corollary.

Corollary 8 Let the function F(z) given by (1) be in the function class E(φ),

where (0 ≤ φ < 1). Then

|b2| ≤ min

{
(1− φ),

√
2(1− φ)

3

}
and

|b3| ≤
2(1− φ)

3
.

Remark 6 Corollary 8 is an improvement of the following estimates investi-

gated by Srivastave et al. [28].

Corollary 9 [28] Let the function F(z) given by (1) be in the function class

HE(φ), where (0 ≤ φ < 1). Then

|b2| ≤
√

2(1− φ)

3

and

|b3| ≤
(1− φ)(5− 3φ)

3
.
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