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AsstrACT. The ongoing study and the well-known idea of coefficient estimates for the classes of analytic
and bi-univalent functions serve as our inspirations for this paper. We begin by outlining a brand-new
subclass FDx of analytical and bi-univalent functions connected to the four leaf domain. The Fekete-Szego
issue is then solved for functions in class F Dy related to a four leaf domain, and bound estimates for the
coefficients are provided. The upper bound estimate for the second hankel determinant is also calculated.
We also demonstrate the sharpness of these boundaries.
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1. INTRODUCTION AND DEFINITIONS

In the region X := {z € C : |z| < 1}, let H represent the family of analytic functions. A collection of

functions f € H in the Taylor series form

f(z)—z= ZnAzA (zeXN) (1.1)
A=2

is denoted by the notation A.

Analytic functions o;(z) and o3(z) shall exist. If there is an analytic function w(z) (w(0) = 0 and
lw(z)] < 1) such that 01(2) = o2(w(z)), then o1(2) is said to be subordinate to o2(z), denoted as
01(2) < o2(2). We say

01 R 09 <= 01(0) = 0'2(0) and O‘1(>\) - O‘2(>\)
suppose o2(z) is univalent in .
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Despite the fact that the univalent function theory was founded in 1851, the coefficient conjecture,
given by Bieberbach [1] in 1916 and subsequently verified by De-Branges [2] in 1985, elevated the
theory to one of the growing areas of possible research. Several academics sought to verify or refute
this conjecture between 1916 and 1985, resulting in the establishment of several subclasses of the class
S that are based on the geometry of picture domains. S* and K are the most researched and essential
subclasses of S, containing starlike and convex functions, respectively.

In 1992, Ma and Minda [3] proposed the following generic form of the class
2f'(2)

/()

B being an analytic function with R(5(z)) > 0 and z € X\. Furthermore, the function f is symmetric

S (B)=|feA: < B(=)|,

about the real axis and maps X onto a star-shaped domain with relation to 5(0) = 1.

Every function f(z) € S given by (1.1) has an inverse function f~!(z) defined as follows:

FHE) =2 2 e XN f(F7 M) = nm € X = {n€C:nl <to(f)}, 1/4 < to(f)

and
M) =n+Dan® + Dan® + Dan* + -+, |, 1 € N, (1.2)

where

D2 = —Nny, D3 = 271% —ns, D4 = *5”% + 5’02’03 — N4y

which is a well-known fact.
Additionally, it is widely known that a function f € A is referred to as a bi-univalent function
in X if both f and f~! are, respectively, univalent in X\ and ;. Let (1.1) be the collection of bi-

univalent functions in X\ denoted by X. See [4] for a brief history and examples of functions in the class ¥.

To proceed, Lewin [5] defined the class of bi-univalent functions and estimated |ng| < 1.51. After that,
Brannan and Clunie [6] expanded Lewin’s findings to |n2| < v/2 for f € X. As a result, Netanyahu [7]
shown that [ny| < 3. Brannan and Taha [8] previously introduced some subclasses of the bi-univalent
function class 3, specifically the bi-starlike function of order £ denoted Ss; (&) and the bi-convex function
of order ¢ denoted Kx; (), which correspond to the function classes $*(£) and K(&). In [6,8], nonsharp
estimates on the first two Taylor-Maclaurin coefficients were found for each of the function classes
5%(§) and Kx(§). Many researchers (see [9,10]) have developed and investigated various intriguing
subclasses of the bi-univalent function class, and they have discovered nonsharp estimates on the
first two Taylor-Maclaurin coefficients. However, the sharp estimates for each of the Taylor-Maclaurin
coefficients |ny|,k = 2,3, 4, - - - remain an unsolved problem (see [4,7,5] for additional information).

Recently, Deniz et al. [ 11] achieved the upper bounds of |H3(2)| = |nany — n3| for the classes S5 (€) and
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Ks(€). Soon after, Orhan et al. [ 12] revisited the study of bounds for the second Hankel determinant

of the bi-univalent function subclass Mg( B), and Mustafa et al. [13] enhanced the [11] results.

Definition 1.1. [14] Let f € A has given in (1.1). We denote by BT 4 the class of analytic functions

meeting the condition

5) 1
f’(z)—<1+gz+éz5 Z €N

Gandhi developed a family of starlike functions associated with a four-leaf function defined by

z2f'(z) 6 1

and characterized it with several main attributes in [ 15].

SZl: fES

Inspired by the aforementioned works, we define the subclass of bi-univalent functions represented

by X.
Definition 1.2. f € F Dy, suppose the following conditions are met:

1
f'(2) < 2(z) =1+ %z + 624

and
(7 m) = 20m) =140+ e
where 2,7 € ® and f~1(n) is given in (1.2).

In this research, motivated by the work of Mustafa and Murugusundaramoorthy [16], we solve the
Fekete-Szego problem for the functions in the class 7Dy related to a four leaf domain and provide
bound estimates for the coefficients.

We also calculate the upper bound estimate for the second Hankel determinant.
The following lemma is required to prove our main findings.
Lemma 1.3. [17,18] Suppose that P is the set of all analytic functions a of the form
a(z) = 1—{—2@\2)‘ (1.3)
A=1
satisfying R(a(z)) > 0, z € X and a(0) = 1. Then,

lax| <2, A=1,2,3,--- .

For any value of A = 1,2, 3, - - -, this inequality is sharp. For example, the function

14z
11—z

a(z)

is equal for all \.
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Lemma 1.4. [1/,18] Suppose that P is the set of all analytic functions a of the form
oo
a(z) =1+ Za)\z)‘ (14)
A=1
satisfying R(a(z)) > 0, z € X and a(0) = 1. Then,
209 = a? + (4 —a®)n
daz = a3 +2(4 —ad)an — (4 — a?)an® +2(4 — a)(1 — |n|?)z,
for some n, z with |n| <1, |z] < 1.

Lemma 1.5. [18] If and only if the Toeplitz determinants

2 al as ceaj
a—1 2 ax el Qi1
H; = ' . . J' , 7=1,2,3,--- (1.5)
a—j G_j41 Q—j42 ... 2

and a_; = a; are all nonnegative, the power series given in (1.3) converges in X to the function a € P. Except

for

J
a(z) = ijag(amnz), p; >0, x; real
j=1

and x; # xy, for j # k in this example, they are all strictly positive. H; > 0 for j < n—1and H; = 0 for j > n.

Notation 1.6. Sincea € P, H; > 0 and a_; = a; > 0 are true, as stated by Lemma 1.5. This results in

2 a
H; = ! >0anda; =d; =a_1 > 0. Asaresult, 4 — a? > 0and a; > 0 are equal to a; € [0,2].
al 2

For these reasons, we will assume throughout our investigation that [4 — a?| = |4 — |a1|?| = 4 — |ay |2

for ay, the first coefficient in (1.3).

Proposition 1.7. [19] If the function

a(z) =1+ Zajzj, v(z) =1+ Zvjzj

j>1 j>1
which are in the class of P and a1 = —v;, then
(4 —af)(n—y)

as — Vg = 9 (16)

(4—af)(n+y)
2

az + vo = h% + (1.7)
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and

ai  (4—a?)(n+ 4 —a?)(n? + y?
a3—v3:21+( 1;( Y, 1)5l v?)

(4—a)[(A = |n*)z — (1 — |y|*)w]
2

ai

_l’_

(1.8)
for some [ay], Jon] € [0,2], 2, m,w, y with |2, In], [wl, [y] < 1.
2. COEFFICIENTS BOUND ESTIMATES

In this section, we show the following theorem regarding upper bound estimates for the few initial

coefficients of the functions belonging within the class 7 Ds.

Theorem 2.1. Let f € FDx. Then:

)
=12

5 25
Ing| < max ,
187 144

) 25
|n4| < max
247 216

Ina| <

The result obtained here are sharp for
# ) 1 5 1
fn2) /0 ( 5T > Ty’ oGt
Proof. Let f € FDs. Then, there are holomorphic functions p : X — X, 0 : Xy, — X, with
p(0) =0=p(0), |p(2)] <1, |o(w)| < 1 fulfilling the following conditions

) 1

1) = 206(2) = 1+ 2p(a) + 5(p(2))", = € 21)
and
_ 5 1
(F71 )" = 2(e(m) =1+ Zon) + clem)’, neX. (22)
The functions a, v € P are defined as follows:
1+ p
a(z) = T =1+ Z arxzd, z €
and
1+ o(n) SN
v = =1 + ) 5 S >\ o°
As a result,
Ca(z)—1 1 aj 9 aj 3
p(z)—a(z)+1—2[alz+<a2—2)2+ a3+a1a2—1—4 z2°+ , ZEN (2.3)

and

v -1 1 1)2 1)3
o(n) = ol =1 _1 [v1n+ <v2—1> n* + <v3+v1v2+41> n3+-~] L1 E N (2.4)
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We obtain by substituting the expressions for the functions p(z) and o(n) in (2.1) and (2.2) with those
in (2.3) and (2.4):

) ) ) D ) )
fl(z)=1+ Ealz + [12@2 - Maﬂ 22+ |:12a3 - ﬁalaQ + 48a£1)’] 24 (2.5)
and
_ 5 5 5 ) 5 5
(f 1(7’]))/ =1+ E”Uln + |:12U2 - 24'0%:| 772 + |:12’U3 - EU1U2 + 48’0%:| 773 + e (26)

The following equations are derived for ny, n3, and n4 if the operations and simplifications on the left

side of (2.5) and (2.6) are made and the coefficients of the terms of the same degree are equalized.

5
2712 = Eal (27)
5 5
3”3 = EC’Q - ﬂal (28)
5 5 5 4
dng = —az — — — 2.9
N4 12a3 12a1a2 + 48a1 (2.9)
and
oy = - (2.10)
ng = 12’01 .
5 5
- 2_ 92 9 9
ng + 6ns 127)2 241)1 (2.11)
—4ny + 20n9ns — 2003 = 3v — ivwg + 303 (2.12)
4 3 27127 12 481 ’

On the basis of equations (2.7) and (2.10), we write

5CL1 —51}1
o1 =M= = np = —vp, n =nd, nd = —v. (2.13)

The first result of the theorem is evident based on this and Lemma 1.3.

By deducting (2.11) from (2.8) and taking into account the equivalence in (2.13), we obtain

5[&2 — UQ}
2 .
ns = n2 + 772 5
Hence,
25a%  5[ag — vo)
= . 2.14
=5 T T (2.14)

Additionally, by reducing (2.12) by (2.9), taking into account the equalities (2.13) and (2.14), we have

5
= —a
432

125

5 5
ﬁm(az —v2) + —(ag — v3) — —ai(az + v2). (2.15)

3
1t 96 96

Ny

The first equivalence in Preposition 1.7 is substituted into (2.14), and the resulting expression for the

coefficient ng is as follows:

2503 5 9
ng = 576 m(‘l—al)(”—y)-
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Take note that |4 — a?| = |4 — |a1|?| = 4 — |a1]? = |4 — k?| = 4 — k? can be written if we take |a;| = k.
(see, also Notation (1.6)). That is, we may assume without restriction that a € [0, 2]. In that instance,

we can express the inequality for |n3| by using a triangle inequality and setting |n| = cvand |y| = 6.

25k 5(4 —k?) 5
< .

Let’s now define the function J : R? — R as follows:

 25k? N 5(4 — k%)

e, 0) = 2 144

(a+96), (a,0) € [0,1]%

The function J on the closed square A = {(«, §) : (o, §) € [0,1]?} needs to be maximized.
It is evident that the function J reaches its highest value at the closed square’s A boundary. When
we differentiate the function J(a, §) with regard to parameter o, we get:

5(4 — k2
Jo(a,d) = (144)
Since the function J(«, §) has a maximum value at & = 1 and J,(«a, §) > 0, it is an increasing function
with regard to a. Hence,
25k?  5(4 — k?)
+

max{J(a, ) : a € [0,1]} = J(1,8) = 144

(1+9),

for each ¢ € [0,1] and k € [0, 2].
With the function J(1, §) now differentiable, we have

/ o 5(4_k2)
J'(1,6) = =

The function J(1,¢) is an increasing function because J'(1,4) > 0, and maximum occurs at § = 1,

therefore
25k%  5(4—Kk?)

J(1,6):6 €]0,1]} = J(1,1) = k € 10, 2].
max{J(1,6) 15 € 0,1} = J(1,1) = Too+ 20" ke o,2)
Thus, we get
25k%  5(4—Kk?)
< : Al =J(1.1) = .
T(a,0) < max{J(a,6) s (a,6) € A} = J(1,1) = o+ 2
Since |n3| < J(a, d), we have
5
<ex k4=
Ins| <exk“+ 13
where
,_5[5-8
2 8 |
Now, let calculate the maximum of the function A : R — R define as follows
Mk) =cx k* + il
N 18

in the range of [0, 2].
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Differentiating the function A(k), we have X' (k) = 2ck, k € [0,2]. Since X' (k) < 0 when ¢ < 0, the

function A\(k) is a decreasing function and maximum occurs at k = 0, therefore

max{A(k) : k € [0,2]} = A\(0) = T58

and X (k) > 0 when ¢ > 0, the function (k) is an increasing function and maximum occurs at k = 2,
which gives
25
: 21} =AM2) = —.

As a result, we arrive at the upper bound estimate for |n3| that is provided below:
5 25
< — ., .
Inal < max{18 ’ 144}
The following inequality for |n| is obtained from (2.15), using (1.6), (1.7), (1.8), and triangle inequality.

Ina| < t1(k) + ta(k)(a + 6) + t3(k)(a® + 6%) := G(a, §)

where
25 5(4 — k?)
t1(k) = K3
1(k) 728" T 06
_125(4 — k?)
54 — k%) (k —2

The function G for each k € [0, 2] must now be maximized.

We must examine the maximum of the function G for various values of the parameter k since the
coefficients ¢ (k), t2(k), and t3(k) of the function G depend on the parameter k.

Let £ = 0, since t2(0) = 0,

5
tl(O) = ﬂ and
5
We then have
5 5o :
G(a,é)—24 48(a +4%), (a,0) €]0,1]°.

Hence, we get

Gla,§) < max{Q(a, 8) : (a,6) € A} = G(0,0) = %

Let £ = 2. Then, since t5(2) = t3(2) = 0 and

The following function G is a constant.

25

G(Oé,(S) = t1(2) = R
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We can quickly demonstrate that the function G cannot have a maximum on the A in the case k € (0, 2).

Thus, we attain

5 25
Byl < o =2
| 4|—max{24’ 216}

The following extremal functions can be used to calculate the best possible bounds:

: 5, 1 5 1
f1(2)=/ <1+t+t5>-dt:z—|—z2+zﬁ+...7
0

6 6 12 36
fQ(Z):/OZ (1+Zt2+ét10> -dt:z—l—%;7;3—1—%211—1—...7
f3(2)::/02<1+2t3+ét15>-dt:z+25424+916216—|—...’
f4(2)::/02<1+2t4+ét20>'dt:z+éz5+1;6221+....

3. THE secOND HANKEL DETERMINANT AND FEKETE-SZEGO INEQUALITY

For the function belonging to the class 7Dy, described by Definition 1.2, we provide an upper limit
estimate for the second Hankel determinant and Fekete-Szego inequality in this section.

First, we establish the following theorem on the second Hankel determinant’s upper bound estimate.
Theorem 3.1. Let f(z) € FDy. Then:

25 1625
Ingng —ni| < max{ } .

324 7 20736

The result obtained here are sharp for

fa(2) /z 1+5t2~|—1t10 dt +5 S+ L 0y
ya = —_ —_ . =z —Z —Z
2 0 6 6 18° " 66

Proof. Let f € FDs. The following equality for nany — n is therefore written from equations (2.13),
(2.14), and (2.15):

25 4 625a3(ag —ve)  25a1(az — v3) 3 2502 (ag + v2)

— 2 —
124 s = 10368 1 82944 2304 2304
625a7  125a3(ag —ve)  25(az — v2)?
331776 20736 5184

We obtain the following estimate for |ngng — n3| by using equalities (1.6), (1.7) and (1.8), followed by

triangle inequality and setting |n1| =k, |n| = o, and |y| = 0.

[ngna — na| < Ty (k) + To(k)(a + 6) + Ts(k)(a?® 4 6%) + Ty (k) (o + 6)? (3.1)
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where

1625 ,  25(4 —k?)

k) = a6 + " az00 £ 20
1oy = BU KD g

Ty(k) = 25(4 —91;?)6(1@ - 2)k <0
Ty(k) = W > 0.

Let’s now define the function ¥ : R2 — R as follows:
U(a,0) = T1(d) + To(k)(a + 0) + T3(k)(a® + 6?) + Ty(k)(a + 6)% (a,0) € [0,1]?

for each k € [0, 2].
The function ¥ on A for each & € [0, 2] must now be maximized.
We must examine the maximum of the function V¥ for various values of the parameter k since the

coefficients ¢ (k), Ta(k), T5(k) and Ty (k) of the function ¥ depend on the parameter k.
(1) Let k = 0. Since 77 (0) = T5(0) = 73(0) = 0 and

25

T4(0) = 1596

the function ¥(«, §) written as follows:

25

\I/(Oé, (5) = %

(a4 06)2, (a,d) € A.

It is obvious that the function ¥ reaches its maximum near the closed-square boundary A.
Now, applying some differentiation on the function ¥(«, ) with respect to a, we have

25
Vo(a,d) = @(a +9)

for each ¢ € [0, 1].
The function ¥(a, §) is an increasing function with regard to a and reaches its maximum at

a = 1since ¥, (,d) > 0. So

25(1 + §)?

max{¥(«a,d):0 € [0,1]} = ¥(1,0) = 1296

, 0€10,1].

Taking the differentiation of the function ¥(1, §), we get

25(1 + 0)

v'(1,8) =

>0, §€l0,1].

Since ¥'(1,d) > 0, the function ¥(1, ) is an increasing function and maximum occurs at § = 1.

Hence,
25

max{W¥(1,6) :0 € [0,1]} = ¥(1,1) = EOYE
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Thus, in the instance of d = 0, we get

25

U(a,6) < max{¥(a,d): (a,6) € [0,1]*} = ¥(1,1) = 94"

We know that [nany — n3| < ¥(a, §), we can have
‘712714 — n2‘ < é
ST 3247
(2) Now, taking k = 2. Since 75(2) = 73(2) = T4(2) = 0 and

1625
T2) = 55736
the function ¥(a, 0) is a constant as follows
1625
U(a,) =T1(2) = ——
(0,0) =T1(2) = 35735
Thus, we get
o 1625
2= 90736

in the case k = 2.

(3) Let’ssay k € (0,2). In this instance, we must look into the maximum of the function ¥ while
accounting for the sign of Z(¥) = Vo, (a, §)Wss(a, ) — (Uus(a, §))2.
The equation Z(V) = 4T5(k)[T5(k) + 214(k)] is clear to see. We will look into two instances of
the sign (V).

(a) Let T3(k) + 274(k) < 0 for same k € (0,2). In this case, since ¥, 5(c,d) = ¥5,(,0) =
2Ty(k) > 0 and Z(¥) > 0, the function ¥ (having a minimum) cannot have a maximum
on the square A according to basic calculus.

(b) Now, let T5(k) + 2Ty (k) > 0 for some k € (0, 2). In this case, since Z(¥) < 0, the function
V¥ cannot have a maximum on the square A.

Consequently, in light of all three instances, we write

25 1625 }

_nl?l < B el
nznq = | —maX{324’ 20736

Theorem 3.1 has now been successfully proved. O

We now provide the subsequent theorem on the Fekete-Szeg6 inequality.

Theorem 3.2. Let f(z) € FDsx, x € C. Then:

& 1-x <%
\ng—xn%\ <
25|1—
‘144X‘ 1—=x|= %
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The result obtained here are sharp for

f2(2)—/z 1+§t2—|—1t10 -dt:z+iz3+iz11+...
0 6 6 187 7 66

Proof. Let f(z) € FDx and x € C. Then, from (2.13), (2.14), (1.6) and (1.7), we have the expression

n3 — xn3 to be:
2503 5(4 —a?)
576 144

ng —xn3 = (1 - x) (n—y) (32)

for some y,n with |y| < 1and |n| < 1.
With |n| = ¢, |y| =, |a1| = k and the triangle inequality to the equality (3.2), we can estimate the

upper bound of |ng — xn3| as follows:

251 — x 5(4 — k2
g —xnd) < P X S gy (e, (33

for each k € [0, 2].

Let’s now define the function A : RZ — R as follows:

B, 54— k)
576 K+ 144

A, d) (a+49), (a,0) € A,

for each k € [0, 2]. The function A on A for each k € [0, 2] must now be maximized.
The function A clearly reaches its maximum value along the boundary of the closed square A.

Applying the concept of differentiation on the function A(c, §) with respect to o, we have

1.2
Aa(a,8) = 5(4144“ (3.4)

for each k € [0, 2].
Since A, (e, 0) > 0, the function A(«, ¢) is an increasing function with respect to o and maximum

occurs at § = 1. Hence,

. _ _ 251 —x|,,  B(4—K%)
max{A(,0):6 €[0,1]} = A(1,0) = 576 k= + Tid (1+9)
for each ¢ € [0,1] and k € [0, 2].
Now, differentiating the function A(1, ), we get
5(4 — k?)
N(1,§) = ——
(1,9) T

for each k € [0, 2].
Since A'(1,6) > 0, the function A(1, ) is an increasing function and maximum occurs at § = 1.
Hence,

21X, 54— k)

max{A(1,0):0 € [0,1]} = A(1,1) = 576 72

, 0 €10,2].

Thus, we have

2501~ x5 , 54 k)
276 72

A(a,0) < max{A(a,0) : x € [0,1]} = A(1,1) =
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Since |n3 — xn3| < A(a, §), we have the following estimate

25 576
— il < = |11 — x| - =L| k*>+4L
s =] < o [l = S| 1+
where
_5
72

In such instance, finding the maximum of the following function, ¥ : [0, 2] — R, would be appropriate.

Differenting the function J(k), we have

2511 — x| — 52 L]
V' (k) = 2k, kel0,2].
(k) 988 , kel0,2]

If |1 — x| £ L and maximum occur at k& = 0, then the function ¥(k) is a decreasing function since

¥(k) <0,
max{¥(k) : ¢ € [0,2]} = 9(0) = 4L

and ¢'(k) > 0, the function ¥(k) is an increasing function. If |1 — x| > L and maximum occurs at d = 2,

SO
max{J(k) : ¢ € [0,2]} =9(2) = 25|114;X’
Consequently, we achieve
AL 1—x|<L
n3 — Xn%‘ <
o 1-xl>L.

The result reached in this instance is sharp for [1 — x| > 2.

If we set the function f(z) as follows:

z 1 1
f2(2):/ (1+5t2+t10>-dt:z+5z3+z11_|_..._
0

6 6 18 66
U
Theorem 3.2 is presented in the following manner for the case x € R.
Theorem 3.3. Let f(z) € FDs, x € R. Then:
Y fx<§
[ng — xn3| < 3 ofl<x<I (35)

25(x=1) 77
144 if 75 < X-
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Proof. Let f(z) € FDx, and x € R. Since in the case x € R, the inequalities |1 — x| > Land |1 — x| < L

are equivalent to:

x<1—Lor x>1+1L

and

1-L<x<1+4+1L,
respectively. The conclusion of the theorem is derived from Theorem 3.2. O

Furthermore, we get the following conclusions for x = 1 from Theorem 3.3.

Corollary 3.4. Let f(z) € FDs. Then:

)
2
—_ < —

4. CONCLUSION

Recently, well-known mathematicians have been drawn to special domains and polynomials in
Geometric Functions Theory due to their usefulness in various fields of mathematics and other sciences.
In our paper, we addressed the Fekete-Szeg6 problem and provided solutions for functions belonging
to the class f € FDsy, which consists of analytic and bi-univalent functions that involve the four leaf
domain. We also derived estimates for the coefficients and an upper bound estimate for the second
Hankel determinant. The conclusions mentioned above, supported by references [20-39], can be

expanded to include a specific class of analytic and bi-univalent functions.
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