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AsstrACT. By applying Sdlagean operator, two new subclasses of bi-univalent functions associ-
ated with pseudo-starlike function in V which are denoted by %‘é’b(ﬁ ,¥) and %ﬁ’b(,u, ). Also,
we investigated estimates on the coefficients |ms| and |ms| for functions in these new subclasses
and significance of the results are indicated.
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1. INTRODUCTION

Let 2 be the class of analytic function f(z) in the open unit disk V= {z: 2z € C : |z]| < 1},
which is normalized by the conditions f'(0) = 1 and f(0) = 0 of the form

(1.1) f(z) = z+2muz“.

Further, let S C A which are univalent functions in V. let S*(«) and K(«) indicate the well
known classes of starlike and convex functions of order a (0 < o < 1) respectively (see [6]).

Let f~'(2) be the inverse of the function f(z) then we have

FHf(2) ==

and

FOUFHR)) = hy b <ro(f)iro(f) >

A~ =
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where
(1.2) g(h) = f7H(h) = h — mah® + (2m3 — m3)h® — (5mj — Smams + my)h* + -+

A function f(z) € 2 is said to be bi-univalent in V if both f(z) and f~!(z) are univalent in V.

The class of analytic bi-univalent function in V is denoted by €.

Examples of functions in the class € are

z 1 1+ 2
—log(1 — —1
og(l—2), — 3 og<1_z)

and so on. However, the familiar Koebe function is not a member of ¢. Other common

examples of functions in S such as

are also not membars of € (see [7,12]).

Lewin [10] (1967) investigated the bi-univalent function class € and showed that |as| < 1.51.
Subsequently, Brannan and Clunie [3] conjectured that |ay| < /2. Netanyahu [12], on the
other hand, showed that |a,| < 3. Brannan and Taha [5] (see also [21]) introduced certain
subclasses of the bi-univalent function class € similar to the familiar subclasses S*(5) and
IC(B) of starlike and convex functions of order 5 (0 < 8 < 1), respectively (see [4]). Thus,
following Brannan and Taha [5], a function f € 2 is in the class Sg(3) of strongly bi-starlike
of order § (0 < 5 < 1),if

B

fee, arg(zf/<z))‘<7,zev; 0<p<1

and

hg'(h) B ,
arg( o) )‘<7, heV; 0<p<I1,

where the function g is given by (1.2).
Similarly, a function f € 2 is in the class K¢(/53) of strongly bi-convex functions of order

B(O0<B<)if

feeg, arg(1+2;/;i§))‘<%r,zév; 0<p<1
and
arg(l—i—hj(g;))’<52—ﬂ,hev; 0<p<1,

where the function g is given by (1.2).
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The classes Sg(a) and K¢ () of bi-starlike functions of order a and bi-convex functions of
order «, corresponding (respectively) to the function classes S*(a) and IC(«) were also intro-
duced analogously. For each of the function classes Sg(/5) and K¢(/5), Brannan and Taha [5]
found non-sharp estimates on the first two Taylor-Maclaurin coefficient |a;| and |as|. But the
coefficient estimates problem for each of the following Taylor-Maclaurin coefficients |a,,| for
n € N\{L,2}; N :={1,2,3,---} is presumably still an open problem. More details about

certain subclasses of the bi-univalent function class € see [10], [21], [18], [3], [1], [11], [13],

(221, [12], [14], [17], [19]-

These Functions and its various generalizations have large number of applications in prob-
lems of physical sciences, geometry and geometric function theory (for details see [20]).
In [2] Babalola defined the class of ¢-pseudo starlike functions of order ¢ and prove that all
Pseudo-starlike functions are Bazelivic of type (1 — é), order 1% are univalent in V.

For f(z) € 2, Salagean [16] introduced the differential operator ©° which is defined by

gbf(Z)ZD(gb_lf(Z>)7 bEN:172737"'7
then,
D f(2) = z—l—Zubmuz“
u=2

where b € Ny =N U{0} =0,1,2,3,---.

In this present paper, inspired by the earlier work of Babalola [2] and Joshi et. al. [&], we
introduce the subclasses B5"(3,1) and B%°(u, 1) of the function class € associated with
Salagean differential operator and determine the bounds on the initial coefficients |m.| and

|ms|. We need the following Lemma in other to establish our main results.

Lemma 1.1. [15]Ifr(z) € Pand z € V, then |w,| < 2 for each n. where P is the family of all
function w analytic in V for which R(r(z)) > 0,

r(z) =1+wz+wpz? + .
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b
2. CoErrICIENT BouNDs For THE FuncrioN CLass ‘B‘é’ (B,v)

Definition 2.1. A function f(z) given by (1.1) is said to be in the class B2" (5, v) if the following

conditions are satisfied:

AP ]|
@1 | T ) oo | S 2 FE Y

and

L @y ]| br
(22) | T gyig(h) + porgy || < 2 eV

where f(2) € €, >1,0<3<1,0<v¢ < land

g(h) =h— m2h2 + (ng — mg)h3 _ (5m§ — 5mgms + m4)h4 4o

Remark 2.1. Taking 1) = 0 in the class BL" (5, ), we have B (3,0) = BL () and f € BL"(3) if

the following conditions are satisfied:

[2((®°f(2))17]] _ B

(23) arg W < 7 A V,
and

i b N7 T
(2.4) arg % < % h eV,

where f(z2) € €, ¢ >1,0< B < 1land
g(h) = h — myh® + (2m3 — m3)h® — (5mj — Smams + my)h* + - -

We note that for b = 0, ¢ = 1 and ¢ = 0 the class %é’o(ﬁ, 0) = Sg(PB) is class of strongly
bi-starlike functions of order 5 (0 < § < 1). Whenb = 1, ¢ = 1 and ¢y = 0 the class
By (B,0) = Ki(3) is class of strongly bi-convex functions of order 3 (0 < 3 < 1).

Remark 2.2. For b = 0 we have class introduced and studied in [5].

Now we have the following theorem and the proof.

Theorem 2.1. Let f(z) given by (1.1) be in the class BL"(B,v). Then

2f

\/3bﬁ(6¢ — 4 — 2) + 2%[2B(2¢" — 4¢ +9° + 200 — 2y + 1)
—(B-1(2¢ - —1)7]

and

432 28
o—v—17  3@Eo—20-1)

(26) |m3\ < 92
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Proof. It follows from (2.1) and (2.2) that

27 (D (=)

— ()P
A= 00 (2) + vy ~ W)

and

NER0)
28 (= 0)0r(h) + vovgm) )

where y(z) and z(u) are in the class P which is of the form

(2.9) y(z) =1+ 12+ yo2® +yz2® + - -
Hence,

() =1+ Bz + (5y2 ; M) R

—1)g2
(B = 1+ Bash + (m i M) g
Now, equating the coefficient in (2.7) and (2.8) we get

(2.11) (2<Z5 - — 1)2bm2 = By,

(212) 2%(2¢° — 49 + ¢* + 200 — 20 + 1)mj + 3°(3¢ — 2 — 1)mg = Bys + BB = Lyr ; 1)3“/%,

(2.13) —(2¢ — ¢ — 1)2"my = By,

(2.14) 3°(2m2 —m3) (3¢ — 200 — 1) + (2¢% — 4¢p + V* + 2¢0) — 20 + 1)m322%

55— )t

BT

From (2.11) and (2.13) we obtain

(2.15) Y = —T1
and
(2.16) 227129 — ¢ — 1)*m3 = B2(y} + 7)

Also from (2.12), (2.14) and (2.16), we have
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m2 — 52(3/2 + 1)
2 38(60 — 4y — 2) 4+ 22H13(20% — 4¢ ngzﬂ +)2<§Z¢( — 2 +1) ;
—(B—=1)2%(2¢ — ) — 1
m2 62(y2 + x2)

27 353(60 — 4 — 2) + 2P[2B(20% — 4¢ + U2 + 200 — 20 + 1)
—(B-1)(20 -1 — 1)

Applying Lemma (1.1) for the coefficients y, and x5, we get

26

\/3b6(6¢ — 4 —2) +2%[2B8(2¢° — 46 + ¥ + 2¢) — 20 +1)
—(B-1)(2¢ -y -1)

Which gives us the desired estimate on |ms| as asserted in (2.5).

|ma| <

Next, in order to find the bounds on |ms3|, subtracting (2.14) from (2.12) we get

-1
(217) 3(66 — 4~ 2my — P66 — 4 — Jmd = Bl — ) + LD (yE —
It follows from (2.15), (2.16) and (2.17) that
_ Pyi+ad) By2 — x9)
ms = +
220412 — op — 1)2 | 35(6¢ — 4ep — 2)
Applying Lemma 1.1 for the coefficients y;, y2, 71 and x2, we have
43% 2
<
sl < gmeg — g -1 T BEs- 20— 1)
We get the desired estimate |m3| as asserted in (2.6).
0

Putting ¢ = 1 in Theorem 2.1, we have the following corollary.

Corollary 2.1. Let f(z) given by (1.1) be in the class By"(3,). Then

2
Y T R e it Ve Ry ey

|m

and
46? 8
A—v2  31-y)

which is the results obtain by Jothibasu [9].

ma| < 920

Putting 1) = 0 in Corollary (2.1), we have the following corollary.
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Corollary 2.2. Let f(z) given by (1.1) be in the class B%(3,0). Then
ma] < =
V433 + 220(1 — 35)

and
ap* B
\msl < ﬁ + @-
Now putting b = 0 in Corollary (2.2), we obtain the coefficient estimate for well-known
class BE(3,0)= Sg(B) of strongly bi-starlike functions of order 3 as in [5]. Also when b = 1 in
Corollary (2.2), we obtain well-known class Bg(5,0)= K¢(5) of strongly bi-convex function

of order  and have the same results in [5].

b
3. CoErriciENT Bounps For THE FuncTion Crass ‘B(é’ (e, )

Definition 3.1. A function f(z) given by (1.1) is said to be in the class B2"(u, V) if the following

conditions are satisfied:

@)
G1) R =00 e TH FEY
and

L @) ]
52) H T 0@ + ooy | 7 eV

where f(z) € €, ¢>1,0< < 1,0<v¢ < land
g(h) =h— m2h2 + (ng — ms)h3 _ <5mg — Bmgms +m4)h4 4.

Remark 3.1. Taking ¢ = 0 in the class %‘g’b(u, V), we have %‘é’b(u, 0) = %ﬁ’b(u) and f € %(é”b(u) if

the following conditions are satisfied:

[ 2[(D°f(2))1°]

(3.3) R 97 (2) >u z€V,
and
- R [HRIOT] e,

where f(z) € €, ¢ >1,0<pu < land
g(h) =h— mQhQ + (Qm% — m3)h3 _ (5mg _ 5m2m3 + m4)h4 4.

We note that for b = 0, ¢ = 1 and ¢ = 0 the class By°(11,0) = Si(u) is class of strongly
bi-starlike functions of order 1 (0 < p < 1). Whenb =1, ¢ — 1 = ¢ = 0 and the class

By (u,0) = Ki(u) is class of strongly bi-convex functions of order x (0 < u < 1).
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Remark 3.2. For b = 0 we have class introduced and studied in [5].
Now we have the following theorem and the proof.

Theorem 3.1. Let f(z) given by (1.1) be in the class 85" (11, )). Then

2(1 — p)
(3.5) fma] < \/22b(2¢2 “ AU+ 200 — 20 + 1) + (36 — 20 — 1)3
and
4(1 — p)? 2(1 —p)
(3.6) Imsl < Sme =y -1 T PEe —20 — 1)

Proof. It follows from (3.3) and (3.4) that there exist y, z € P such that

A@EN
37 =0 ) +vorif AT

and

RI(D"g(h)))?
(1 —¢)DPg(h) +D**1g(h)
where y(z) and z(h) in P given by (2.9) and (2.10), that is

(3.8)

=p+ (1= p)a(h)

pt (1 =pwy(z) =1+ 1= pyiz+ (1= p)yaz® + -
and
pA (1 —pwah) =14+ (1 — pah+ (1 — @)agh® +---

Equating the coefficients of (3.7) and (3.8) we get

(3.9) (20 —1p —1)2°my = (1 — p)y1,

(3.10) 2%(2¢° — 49 + ¥* + 200 — 20 + L)mj + 330 — 2 — Umy = (1 — pys,

(3.11) ~(26 — ¢ — 1)2my = (1 — p)ay,

(3.12) 3%(2m2 — m3) (3¢ — 20 — 1) + (20% — 46 + V> + 20 — 20 + D)m22% = (1 — p)as.
From (3.9) and (3.11) we get

(3.13) Y
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and
(3.14) 224120 — p —1)°m3 = (1 — p)*(y; + 27)

Now adding (3.10), (3.12) and (3.14), we deduce that

2 _ (1= p)(y2 + x2)
2221202 — 4+ h2 + 29 — 2uh + 1) + 2(3¢ — 2¢p — 1)3P

m

im2| < (1 — p1)(ly2| + |22])
2= 0241202 — 4¢h + 1p2 + 2p0p — 2 + 1) + 2(3¢ — 20 — 1)3P

Applying Lemma 1.1 for the coefficients y, and z,, we have

(3.15)

2(1 — p)
(3.16) [ma| < \/22b(2¢2 — 4o+ 2+ 200 — 290+ 1)+ (3¢ — 2¢p — 1)3°

which gives us the desired estimate on |m;| as asserted in (3.5).

Hence in order to get the bound on |m;|, by subtracting (3.12) from (3.10), we get

(3.17) 3°(6¢ — 4 — 2)mg — 3°(6¢ — 4 — 2)ym3 = (1 — p)(y2 — x2)

(1 —p)(y2 — w2)
30(6¢ — 4 — 2)

(3.18) ms = m3 +

then from (3.14), we have

o (=) + i) L (A= p)(ye —a2)
P29 — ¢ —1)2 " 3(6¢ — 4 - 2)

Applying Lemma 1.1 for the coefficients y,, y2, z1 and x4, we have

(3.19)

401 = p)? 2(1 — p)
3.20 < :
(320 sl S g w17 T FEe -2 1)
We get desired estimate on |m;| as asserted in (3.6). O

Putting ¢ = 1 in Theorem 3.1, we have the following corollary.

Corollary 3.1. Let f(z) given by (1.1) be in the class ‘Blé’b(u, V). Then

1= -y 21—
and

|m | < 4(1 _H)2 2(1 _u)
T — g2 T 31— )
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which is the results obtain by Jothibasu [9].
Putting 1) = 0 in Corollary (3.1), we have the following corollary.

Corollary 3.2. Let f(z) given by (1.1) be in the class B%(u, 0). Then

L —p

|m2| S 3b _ 22b—1

and
40 —p*  20-p)

[ma| < 92b 36

Now putting b = 0 in Corollary (3.2), we obtain the coefficient estimate for well-known class
BY (1, 0) = Sg(u) of bi-starlike functions of order y as in [5]. Also when b = 1 in Corollary
(3.2), we obtain well-known class B% (1, 0)= Ke(u) of bi-convex function of order y and have

the same results in [5].

Remark 3.3. When b = 0, the results acquired in this paper corresponds with the results considered
in [8]. Also, for the different pick of b the results considered in this paper would pilot to many known

and new results.
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