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Abstract

We obtained the analytical solutions of the two-body Salpeter equation via the
methodology of supersymmetric quantum mechanics under a combination of
Coulomb and Hulthén potentials for unequal masses. We clearly examined the
energy eigenvalues for the ground state and excited states. The behaviour of
energy with the sum of the masses and the screening parameter respectively,
were also studied. The results showed that two bodies of unequal masses
interacting within the system exhibit the same features.

Key words: Two body Salpeter equation; Supersymmetry quantum
mechanics; potentials.

1. Introduction

In quantum mechanics, theoretical physicists have developed various wave equations that
describe the behaviour of particles in different systems for various physical potential
models. These equations are classified as either relativistic or nonrelativistic. Some of
these equations are the Klein-Gordon equation which describes spin zero particle, Dirac
equation that described spin-1/2 particle, Duffin-Kemmer-Petiau equation, Schrodinger
equation and the Feinberg-Horodecki equation which deals mainly with the time-
dependent counterpart of the Schrodinger equation for one dimensional system of
quantized momentum. Another form of wave equation is the Bethe-Salpeter equation
which has not been given much attention. The Salpeter equation describes in a covariant
formalism, the bound states of the relativistic systems [1]. This equation is considered to
be a generalization of the nonrelativistic Schrédinger equation in the relativistic scheme
[2] which is non-local in nature [3]. The Salpeter equation popularly known as spinless-
Salpeter equation, successfully has been applied in the description of bound states
especially of quarks in hadrons [4-7], spin-averaged spectra of bound states which
comprise constituents that are fermionic. Recently, some researchers have developed
different traditional techniques to derive approximate analytical solutions of the spinless-
Salpeter equation of different interactions for two-bodies with unequal masses [8-10].
Among the work reported for different potential models of interest are the relativistic study
of the spinless-Salpeter equation with modified Hylleraas potential [11], Exact numerical
solution of the spinless-Salpeter equation for the Coulomb potential in momentum space
[12], On an approximation of the two-body spinless-Salpeter equation [13], Energy bounds
for the spinless-Salpeter equation [14], Bound state inequality from the spinless-Salpeter
equation with Yukawa potential [15], Study of Time-Evolution for approximation of Two-
Body spinless-Salpeter equation in presence of time-dependent interaction [16], Analytical
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treatment of the two-body spinless-Salpeter equation with the Hulth n potential [17].
Motivated by two-body particles interacting through an exponential-type potential in the
center of mass system, we intend to study spinless-Salpeter equation for a combination of
Coulomb and Hulthén potentials. The combined potential is given as

viy=_A, Ve (1)

— 2
rol—e

Where 4 and V' are potential strengths and 0 is the screening parameter. As the screening
parameter goes to zero, the combined potential (1) reduces to a combination of Coulomb
and constant potential:

lim? () = —é . 2)

2. Two-Body Spinless-Salpeter Equation

The spinless-Salpeter equation for two-body systems interacting with a spherically
symmetric potential in the center of mass system can be given as

{Z,/mmf +V(r)—M}((r)=0, (3)

i=1,2

where  y(r)=Y,, (0,4)R, ,(r) and A=V?. For heavy interacting particles, the

approximation [21]

2
> A(m, +m,) Az(ml+m2)[(ml+m2) —3mlm2}
Z\/A+ml. =m, +m,— 3
i-12 2m,m, (2m] m, )
(4)
is quite reliable. In the jargon, a Hamiltonian containing relativistic corrections up to order
(v2 / c2) is called a generalized Breit-Femi Hamiltonian, which after some

transformations takes the form [18-21]

2 2 2 VZ
A KDy -2 g =0 )
2u dr 2ur . 2m .
where
v, =V -E,,, (6)
2
E: (mlmz) (7)

(m1 erz)(m1 +m, —3) .

It is noted that potential (1) and equation (5) do not admit the solution for /=0 otherwise,
we take care of the centrifugal barrier. Hence, we employ the following Pekeris-type of
approximation [22]
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Which is valid for 6 <<1. Substituting equations (1) and (8) into equation (5), we have

dZUM (r) _ [

dl’2 - V +E€ff:|Un,€(r) H (9)

e

Where
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E, =0({+1)5" - — P , (10)
e
V- 2‘%‘; Vo ”g;fz U015, (12)
AL (13)
y o 2HVE  pAS 2pASE, 2V 2445 g5 (14)

mh’ mh’ mh’ n’ n’
By applying the methodology of the supersymmetric quantum mechanics formalism and

shape invariance technique [23-26] to solve equation (9), the state at which n = 0 can be
expressed as:

Uy, (r) =exp(=[ W (r)ar), (15)

Where W(r)is known as the superpotential function in supersymmetric quantum

mechanics. Equation (15) gives a solution that satisfies the Riccati equation given in
equation (9). Now, considering our potential (1) and the usefulness of equations (10) -
(14), our choice of superpotential function which fits equation (15) can be written as

or
W(r) = p, +25—, (16)

e’ —1

Where p, and p, are parametric constants that will soon be determined. The basic

principle and approach of this method suggests that we relate equation (16) with equation
(9). Therefore, the second-order differential equation given in equation (9) relates to
equation (16) as

dw(r)

:V;ﬂ

W2 (r)— +E,, (17)
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Substituting equation (16) into equation (17) and compare the result with equation (9), we
have the following

p02 = Eeﬁ" , (18)
o ur
L 19
LS mon ()
V A2
Py =2 P (20)
2p,
To satistied the shape invariance potential, we construct a pair of supersymmetry partner
potentials V, (r)=W*(r)*———= dW(r)
-or
V(l") WZ(}")'FdW(r) 0 pl(pl+2p0) pl(pl 7?)62 , (21)
dr 1-¢? (1-e)
*V_(r)zWZ(r)_dW(r)ng pl(p1+2rp0) pl(pl +_fr)e . (22)
dr l-e (1-e)

From equations (21) and (22), we discover that the family potentials V' (») and V (r) are
shape invariant and thus, satisfied the shape invariance condition using the following [27-
30]

V.(a,,r)=V _(a,r)+R(a,), (23)

Via mapping of the form p, - p, +0, where p, =q,. It is noted that a, = f(a,)=a,+7,
where g, is a new set of parameters specifically obtained from the old set of parameters
a,. R(a,) is aresidual term that is totally independent of the variable . Considering both
the old and new set of parameters, the following recurrence relation holds: a, =a, + 25,
a,=a,+390, a, =a,+406 and subsequently, can be generalized as a, =a,+no . Using

the shape invariant potentials, we establish the following relations [31-34]

R(a)) =V (ay,r) =V (a,r), 24)
R(a,) =V (a,,r) =V (a,,r) , (25)
R(ay) =V (ay,r) =V (a.1), (26)
R(a,)=V.(a, 1)~V (a,r) 27)

The energy levels of these equations can be determined via

E,. =Y R(a,) =V .(ay.r)~V (a,7), (28)
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which on correct substitution of equations (18) - (20) with the consideration of the
negative partner potential in equation (22), gives the full energy eigenvalue equation as

v, =Ll or 4

3

2
En,z(2V+En,z)(m1+Wiz)(m1+mz_3) + v, +V2—Vl—n5 (29
(m,m, ) 2(V, =V, +nd) 2

In order to obtain the un-normalized radial wave function, we define a variable of the form

y=e% and substitute it into equation (9) to have

2 Py’ — R
4 LA B Ry )=, (30)
dy” 2ydy [y(1-y)]
where
2u(V+E 2VE ,+2V*+E?,
p- 4( _ n,€)+lu( nt n,f)’ (31)
5°h moh’
2uV+6A4+2E,,) 2uVE,,+ASE, ,+5AV +E’,) (32)
= - + - -_— - ) >
S’ mo’h?

o 2HGALE,)  pQASE, +8 4 +E)
_ ), . !

o —(0+1). 33
5°n’ mo’h’ (£+D) ©3)

Analyzing the asymptotic behaviour of equation (30) at origin and at infinity, it can be
tested that as »—>0 and o (y—1,0), equation (30) has a solution of the form

U,,(»)=(1-y)" and U, ,(y) = y", where

) =l+l\/(1+2£)2 A=A =4 (34)
2 2 mh’
2U(CA+E 246E ,+0°A* + E?
=\/— HOAYE,) HRAOK, ) g4y (35)
o'h mo*h’

Taking the wave function U, ,(y)=y"(1- )" f(¥) and then substituting it into equation
(30), we get

(277"‘1)_(21""277"'1))}_f(y)wz()_ (36)
y(1-y) y(1-y)

M+

Equation (36) is authenticated by the hypergeometric function with a solution of the form

SO =, F(=n,n+2(A+n);2n+1,y). (37)
When the function f(y) is replaced by the hypergeometric function, the complete radial
wave function can then be written as

U, (=N, y"(1=p) ,F(-nn+2(A+n);2n+1,y), (38)
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where N, , is a normalization constant.
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Fig 1: Energy versus mass M =(m,+m,) with A=2, V=h=u=(=1 and §=0.25 at

the ground state.
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Fig 2: Energy versus the screening parameter o6 at the ground state with
A=2,V=pu=h=(=1and m =m,=0.1
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Table 1: Bound state energy eigenvalue for unequal masses (m, #m,) with y=h=10=1

and 0 =0.25.
my>m, m =0.2 and m,=0.1 my <m, m =0.1 and m, =0.2
n A>V A<V A=V n A>V A<V A=V
0 ]0.227639 | 0.017804 | 0.027303 0 10.227639 | 0.017804 | 0.027303
0.238916 | 0.021904 | 0.034184 0.238916 | 0.021904 | 0.034184
1 ]0.227656 | 0.017811 | 0.027315 1 ]0.227656 | 0.017811 | 0.027315
0.238899 | 0.021896 | 0.034172 0.238899 | 0.021896 | 0.034172
2 10.227673 | 0.017818 | 0.027328 2 10.227673 | 0.017818 | 0.027328
0.238882 | 0.021889 | 0.034160 0.238882 | 0.021889 | 0.034160
3 10.227690 | 0.017826 | 0.027340 3 10.227690 | 0.017826 | 0.027340
0.238865 | 0.021881 | 0.034148 0.238865 | 0.021881 | 0.034148
4 10.227707 | 0.017833 | 0.027352 | 4 | 0.227707 | 0.017833 | 0.027352
0.238848 | 0.021874 | 0.034135 0.238848 | 0.021874 | 0.034135
5 10.227724 | 0.017841 | 0.027365 5 10.227724 | 0.017841 | 0.027365
0.238831 | 0.021867 | 0.034123 0.238831 | 0.021867 | 0.034123

Table 2: Bound state energy eigenvalue for unequal masses (m, #m,) with u=h=1,
{=2 and 6=0.25.

m, >m,, m =02 and m, =0.1 m, <m,, m =0.1 gnd m, =0.2
n A>V A<V A=V n A>V A<V A=V
0 ]0.228560 | 0.018171 | 0.027917 0 0.228560 | 0.018171 | 0.027917
0.239809 | 0.022258 | 0.034777 0.239809 | 0.022258 | 0.034777
1 0.228577 | 0.018179 | 0.027929 1 0.228577 | 0.018179 | 0.027929
0.239792 | 0.022251 | 0.034765 0.239792 | 0.022251 | 0.034765
2 10.228594 | 0.018186 | 0.027941 2 0.228594 | 0.018186 | 0.027941
0.239775 | 0.022243 | 0.034753 0.239775 | 0.022243 | 0.034753
3 10.228611 | 0.018193 | 0.027954 3 0.228611 | 0.018193 | 0.027954
0.239758 | 0.022236 | 0.034740 0.239758 | 0.022236 | 0.034740
4 10.228628 | 0.018201 | 0.027966 4 0.228628 | 0.018201 | 0.027966
0.239741 | 0.022229 | 0.034728 0.239741 | 0.022229 | 0.034728
5 10.228625 | 0.018208 | 0.027978 5 0.228645 | 0.018208 | 0.027978
0.239724 | 0.022221 | 0.034715 0.239724 | 0.022221 | 0.034715
3. Discussion

In Fig 1, we examined the behaviour of the ground state energy against the sum of the
masses M (m, +m,) with the parameters given below the Fig. As it is observed, the energy

decreases when the sum of the masses increases. The Fig also indicates negative energies
7
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for some values of sum of the masses. For M >0.75, the interacting particles become
more attractive. In Fig 2, we plotted energy against the screening parameters for the
ground state with the parameters given immediately after the Fig. The Fig shows that as
the screening parameter increases, the energy equally increases. It is noted that as ¢ —0,
the Coulomb-Hulthén potential reduces to Coulomb-Constant potential, in such a situation,
a decrease in energy is expected. In Tables 1 and 2, we presented the eigenvalues for
different quantum numbers with /=1 and /=2. In Table 1, when /=1 with three values
for each of the potential strength, it is noted that the energies obtained with 4 =2 and
V=1 1e.(A>V) are greater than the energies obtained with 4=1 and V' =2 i.e.

(4<V) for both m >m,and m,>m, . Thus, Coulomb potential’s strength is more

sensitive to energy increase compared to the strength of the Hulthén potential. It is
observed from Tables 1 and 2 that the energies obtained with /=1 are lesser than the
energies obtained with ¢ =2. The numerical results in the two Tables revealed that the
energies for m, >m, are equal to the energies obtained with m, >m, for both /=1 and

¢ =2 . This simply means that for two heavy particles of different masses interacting in the
system, they both exhibit the same characteristics/effects.

4. Conclusion

The approximate analytical solutions of two-body Salpeter equation under Coulomb-
Hulthén potential have been obtained. It is noted that an increase in the screening
parameter increases the energy of the system. It is also noted that the more the quantum
number, the more the energy of the system. Our results showed that the differences in the
masses of two bodies interacting within the system do not affect the features of the
particles.

References

[1] Salpeter, E. E., & Bethe, H. A. (1951). A Relativistic Equation for Bound-State
Problems. Physical Review, 84(06), 1232-1242.
https://doi.org/10.1088/16741056/22/6/06030310.1103/physrev.84.1232

[2] Hassanabadi, S., Ghominejad, M., Zarrinkamar, S., & Hassanabadi, H. (2013). The
Yukawa potential in semirelativistic formulation via supersymmetry quantum
mechanics. Chinese Physics B, 22(6), 060303. https://doi.org/10.1088/1674-
1056/22/6/060303

[3] Lucha, W., & Schoberl, F. F. (1994). Variational approach to the spinless relativistic
Coulomb problem. Physical Review D, 50(8), 5443-5445.
https://doi.org/10.1088/1674-1056/22/6/06030310.1103/physrevd.50.5443

[4] Lucha, W., & Schoberl, F. F. (1992). Quark-Antiquark Bound States: Relativistic
Versus Nonrelativistic Point Of View. International Journal of Modern Physics A,
07(26), 6431-6456. https://doi.org/10.1142/s0217751x92002945

[5] Brau, F., & Semay, C. (1998). Light meson spectra and instanton-induced forces.
Physical Review D, 58(3). https://doi.org/10.1103/physrevd.58.034015

[6] Brau, F., Semay, C., & Silvestre-Brac, B. (2002). Unified meson-baryon potential.
Physical Review C, 66(5). https://doi.org/10.1103/physrevc.66.055202

[7] Semay, C., & Silvestre-Brac, B. (1997). Potential models and meson spectra. Nuclear
Physics A, 618(4), 455-482. https://doi.org/10.1016/s0375-9474(97)00060-2

[8] Ikhdair, S. M., & Sever, R. (1992). Heavy-quark bound states in potentials with the
Bethe-Salpeter equation. Zeitschrift Fiir Physik C Particles and Fields, 56(1), 155-
160. https://doi.org/10.1007/bf01589718

8



International Conference on Engineering for Sustainable World IOP Publishing

Journal of Physics: Conference Series 1378 (2019) 032099  doi:10.1088/1742-6596/1378/3/032099

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]
[22]

[23]

[24]

[25]

Ikhdair, S. M., & Sever, R. (2004). Spectroscopy of Bc Meson in a Semi-relativistic
Quark Model Using the Shifted Large-n Expansion Method. International Journal of
Modern Physics A, 19(11), 1771-1791. https://doi.org/10.1142/s0217751x0401780x
Salpeter, E. E. (1952). Mass Corrections to the Fine Structure of Hydrogen-Like
Atoms. Physical Review, 87(2), 328-343. https://doi.org/10.1103/physrev.87.328
Antia, A. D., Okon, 1. B., Umoren, E. B., & Isonguyo, C. N. (2019). Relativistic
Study of the Spinless Salpeter Equation with a Modified Hylleraas Potential.
Ukrainian Journal of Physics, 64(1), 27. https://doi.org/10.15407/ujpe64.1.27
Norbury, J. W., Maung, K. M., & Kahana, D. E. (1994). Exact numerical solution
of the spinless Salpeter equation for the Coulomb potential in momentum space.
Physical Review A, 50(5), 3609-3613. https://doi.org/10.1103/physreva.50.3609
Chargui, Y. (2018). On an approximation of the two-body spinless Salpeter
equation. The European Physical Journal Plus, 133(12).
https://doi.org/10.1140/epjp/i2018-12420-4
Hall, R. L., Lucha, W., & Schéberl, F. F. (2001). Energy bounds for the spinless
Salpeter equation. Journal of Mathematical Physics, 42(11), 5228-5237.
https://doi.org/10.1063/1.1405848
Chen J.K. (2017). Bound State Inequality from the Spinless Salpeter Equation with
the Yukawa Potential. Lithuanian Journal of Physics, 57(4), 195-200.
Sobhani, H., & Hassanabadi, H. (2016). Study of Time Evolution for Approximation
of Two-Body Spinless Salpeter Equation in Presence of Time-Dependent
Interaction. Advances in High Energy Physics, 1-5.
https://doi.org/10.1155/2016/3647392
Zarrinkamar, S., Rajabi, A. A., Hassanabadi, H., & Rahimov, H. (2011). Analytical
treatment of the two-body spinless Salpeter equation with the Hulthén potential.
Physica Scripta, 84(6), 065008. https://doi.org/10.1088/0031-8949/84/06/065008
Ikhdair, S. M., & Sever, R. (2008). Bc spectroscopy in the Shifted I-Expansion
Technique. International Journal of Modern Physics E, 17(04), 669-691.
https://doi.org/10.1142/s0218301308010076
Jaczko, G., & Durand, L. (1998). Understanding the success of nonrelativistic
potential models for relativistic quark-antiquark bound states. Physical Review D,
58(11). https://doi.org/10.1103/physrevd.58.114017
Ikhdair, S. M., & Sever, R. (1993). Bethe-Salpeter equation for non-self conjugate
mesons in a power-law potential. Zeitschrift F€r Physik C Particles and Fields,
58(1), 153-157. https://doi.org/10.1007/bf01554088
Pekeris, C. L. (1934, 01). The Rotation-Vibration Coupling in Diatomic Molecules.
Physical Review, 45(2), 98-103. https://doi.org/10.1103/physrev.45.98
Witten, E. (1981, 10). Dynamical breaking of supersymmetry. Nuclear Physics B,
188(3), 513-554. https://doi.org/10.1016/0550-3213(81)90006-7
Jia, C. S, Guo, P, Diao, Y. F, Yi, L. Z, & Xie, X. J. (2007). Solutions of Dirac
equations with the Poschl-Teller potential. The European Physical Journal A, 34(1).
https://doi.org/10.1140/epja/i2007-10486-2
Wei, G., & Dong, S. (2009, 08). Algebraic approach to pseudospin symmetry for the
Dirac equation with scalar and vector modified Poschl-Teller potentials. EPL
(Europhysics Letters), 87(4), 40004. doi:10.1209/0295-5075/87/40004
Onate, C. A., Oyewumi, K. J., & Falaye, B. J. (2013). Approximate Solutions of the
Schrodinger Equation with the Hyperbolical Potential: Supersymmetric Approach.
Few-Body Systems, 55(1), 61-67. https://doi.org/10.1007/s00601-013-0731-0


https://doi.org/10.1140/epja/i2007-10486-2

International Conference on Engineering for Sustainable World IOP Publishing

Journal of Physics: Conference Series 1378 (2019) 032099  doi:10.1088/1742-6596/1378/3/032099

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

Onate, C.A., Onyeaju, M.C., Ebomwonyi, O., & Odeyemi, O.E. (2018). Dirac and
Schrodinger Equations in Presence of Actual and Exponential Inverted Generalized
Hyperbolic Potential. The African Review of Physics, 13, 2.

Hassanabadi, H., Maghsoodi, E., & Zarrinkamar, S. (2012). Relativistic symmetries
of Dirac equation and the Tietz potential. The European Physical Journal Plus,
127(3). doi:10.1140/epjp/i2012-12031-1
Ikot, A., Hassanabadi, H., Maghsoodi, E., & Zarrinkamar, S. (2014). D-Dimensional
Dirac Equation for Energy-Dependent Pseudoharmonic and Mie-type Potentials via
SUSYQM. Communications in Theoretical Physics, 61(4), 436-446.
https://doi.org/10.1088/0253-6102/61/4/06

Onate, C. A., & Ojonubah, J. O. (2015). Relativistic and nonrelativistic solutions of
the generalized Poschl-Teller and hyperbolical potentials with some
thermodynamic properties. International Journal of Modern Physics E, 24(03),
1550020. https://doi.org/10.1142/s0218301315500202

Onate, C., Onyeaju, M., Ikot, A., & Ojonubah, J. (2016). Analytical solutions of the
Klein—Gordon equation with a combined potential. Chinese Journal of Physics,
54(5), 820-829. https://doi.org/10.1016/j.cjph.2016.08.007

Onate, C., Ikot, A., Onyeaju, M., & Udoh, M. (2017). Bound state solutions of D-
dimensional ~ Klein—-Gordon equation with  hyperbolic  potential. — Karbala
International Journal of Modern Science, 3(1), 1-7.
https://doi.org/10.1016/j.kijoms.2016.12.001

Onate, C., Okoro, J., Adebimpe, O., & Lukman, A. (2018). Eigen solutions of the
Schrodinger equation and the thermodynamic stability of the black hole
temperature. Results n Physics, 10, 406-410.
https://doi.org/10.1016/j.rinp.2018.06.037

Ikot, A. N., Zarrinkamar, S., Zare, S., & Hassanabadi, H. (2016). Relativistic Dirac-
attractive radial problem with Yukawa-like tensor interaction via SUSYQM.
Chinese Journal of Physics, 54(6), 968-977.
https://doi.org/10.1016/j.cjph.2016.08.016

10



