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Introduction

Hepatitis B is a common liver infection caused by the potentially life-threatening hepatitis B virus (HBV). HBV can
cause a serious infection, which places individuals at high risk of dying from fibrosis and cirrhosis of liver. It is a huge
worldwide health issue. As reporting by the World Health Organization, around 360 million of the 2 billion people
infected with the HBV are reported to have a lifelong chronic infection, and 887,000 of those individuals die from liver
cirrhosis or primary hepatocellular carcinoma (WHO, 2020). As of 2016, 27 million individuals (10.5%) of all people
considered to be living with HBV were aware of their infection, while 4.5 million (16.7%) of those diagnosed were
receiving treatment (WHO, 2019). The Western Pacific region recorded the highest incidence rate of HBV at 6.2% of the
adult population, while this was 6.1% in the African region, and 0.7% in the American region on (WHO, 2019). Although
unvaccinated individual. It takes about 75 days on the average for the HBV to incubate but this can vary between 30 and
180 days. Detection of the virus can be between 30 and 60 days of being infected or consequently mature into full-blown
HBV (CDC, 2019).

The HBV, a hepatotropic non-cytopathic virus, is responsible for the disease (Ribiero, 2002). In highly endemic areas,
perinatal transmission or horizontal transmission (exposure to infected blood) are the primary means of transmission (Pan
and Zhang, 2005). The most common method of transmission is from mother to child at birth, particularly from infected
children to uninfected children within the first 5 years of life. Contaminated body fluids such as vaginal discharge, saliva,
menstrual flow, and semen are other means of transmission (Pan and Zhang, 2005). Rarer means of transmission include
transpiration, breast milk, sweat, and urine by percutaneous or mucosal exposure of infected individuals (Mpeshe and
Nyerere, 2019). In particular, unvaccinated men who have sex with men and heterosexual people with several sexual
partners or who have contact with sex workers may experience sexual transmission of HBV (Khan et. al, 2019). In less
than 5% of cases, infections lead to chronic hepatitis in adulthood. Virus transmission can also occur either in health care
facilities or through the reuse of needles and syringes among individuals who inject drugs. Furthermore, infection can
occur during medical, surgical and dental procedures, by tattooing, or by using razors and similar products contaminated
with infected blood (Mpeshe and Nyerere, 2019).

Typically, there is a 5-10% chance of recovery for adults that develop chronic infections (Chenar et al., 2018). Host
variables are believed to be responsible for determining whether the infection is cleared or becomes chronic, especially
immune responses (Ciupe et al., 2007). Different aspects of HBV dynamics and the immune response during infection
have been investigated by several mathematical models (Ribiero, 2002; Long et al., 2008; Lau et al., 2009; Wang et al.,
2010; Qesmi et al., 2010; Pang et al., 2010).

As aresult of the research mentioned above, we present an infectious disease model to better understand how testing and
treatment affects HBV transmission dynamics and prevalence. The model formulation of HBV transmission dynamics, as
well as the dynamical behavior of the model, including equilibria and stabilities is presented in this paper. The aim of this
study is to contribute to the development of HBV control strategies and the establishment of intermediate objectives for
intervention programs.

Model formulation

It has been clinically shown that a proportion of HBV acutely infected individuals can spontaneously clear the virus (Pan
and Zhang, 2005). Also, infectious individuals under treatment can become prone to re-infection if they discontinue
treatment, or consume alcohol or use of drugs, which can reduce the impact of the treatment. In view of this, the following
model is developed where the population is divided into different states, namely: the susceptible, the acute, the chronic
carriers, the treated and the recovered states.

At time , denoted by N(t), the total population is divided into the following five classes/subgroups (Table 1) correspond-
ing to different epidemiological status.

N(t)=S(t)+A@)+C(t)+T(r) +R(z) (1)

where S(¢) are the susceptible populace, A(¢) is the populace that are acutely infected with HBV, C(¢) are the chronically/
clinically infected individuals, while T(¢) are individuals under treatment and R(z) are the recovered classes.

Figure 1 schematically represents the epidemiology of HBV. The various disease stages are replicated by the various
compartments (circle) and the arrows demonstrate the way an individual progress from one state to the other. Itis assumed
that at time #, susceptible individual S, enter the population at a constant rate (1 — ) (1 — yC) where ( is the birth rate, a
is the proportion of population successfully immunized, while y is the probability that children born to carrier mothers will
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Table 1. Parameter descriptions.

Parameter

S(t)
At)
C(t)
T(t)
R(t)

((l—a)(l—")

M

Description

birth rate

Proportion of population successfully immunized

Probability that children born to carrier mothers will develop to chronic state
Horizontal transmission coefficient

Reduced transmission coefficient

Spontaneous clearance proportion

Duration of acute phase

Rate at which treated individuals recover with full immunity
Natural death rate

Treatment rate for chronic individuals

Proportion of population recovering

Duration of HBV treatment

Rate at which recovered population fall out from risk reduction
Susceptible Compartment

Acute Compartment

Chronic Compartment

Treatment Compartment

Recovered Compartment

(2.

Figure 1. Compartmental flow diagram of hepatitis B virus.
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develop to chronic state. For all classes, individuals die at a constant natural mortality rate, u. We assume that HBV
infected individuals on treatment are infectious. Susceptible individual S may acquire HBV infection when in contact
with individuals in A, C,and T populace at a rate 4, (force of infection associated with HBV), where

As =PA+EPC+EPT @

where /A and SC are the effective contact rate for HBV infection to occur/probability that a contact will result in an Acute
and Chronic HBV compartment, respectively. Modification ¢ > 1 accounts for a higher risk of HBV acquisition for
people living with Chronic HBV.

A proportion of the acute HBV infected individuals #, becomes chronic carriers and then get treated at o, while the
remaining proportion (1—7) spontaneously clear the virus. é is the duration of acute phase. A proportion of the
treated HBV individuals, x, recover with full immunity, some were in the process of recovering in the treated populace at
arate, v and duration for the treatment is given as p while the remaining proportion (1 — x) becomes susceptible. Those
individuals in the process of recovering in the treated populace at arate, v if engaging/exposed to high-risk habit and those

on treatment p can be re-infected at the rate vp if they discontinue treatment at a rate of .

das
E:C(l—a)(l—yC)—/lsS—F(l—;y)wA—,uS—i—(l—k)va—O—eR
dA
S —wA—
r S —wA — A
dc
E:r]wA-i—C(l—a)yC—l—(l—v)pT—aC—uC 3)
dr
& GC—pT—uT
ar ¢ PTm

dR
E:Ca—kkupT—eR—uR

where A, = A+ fC+E,6T
Model implementation
Positivity and boundedness of solutions
From model (3), we observed that the variables are nonnegative and the solutions are non-negative for all time # > 0. The
parameters used are assumed to be positive and show that the feasible solutions are bounded in the region.
Lemma 1: The initial values of the parameters are
{8(0) >0,A(0) >0,C(0) >0,7(0) >0,R(0) >,0and N(0) >0}
Then the solution of the model {S(r),A(¢), C(¢),T(t),R(t),N(t)} is positive for all > 0.

Proof: Considering the first equation in (3),

d
d—fz((l—a}(l—yC)—iSS—i-(l—n)coA—/zS+(1—k)va+eR
we have,
S et )SJldS>J (A +a0)dr
@ s s TH = s T U
5> Spe” 1) >0
Hence, $>0
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With respect to the second equation in (3), we have

dA
S —wA—
d @A —pA

dA
“@lbs A
7 2 (0+u)

J%dA > J—(w—i—,u)dt

A2 Age @ >0
Hence, A >0
The same approach applies to the proof of the positivity of C, T and R.

Equilibrium points and reproduction number
The disease-free equilibrium of the model (3) exists and is given by:

(E,) = {@,0,0,0,0] )

The endemic steady state of the model (3) exists and is presented as follows:

- -l etelyr—e) @

R = i 9
—<z ©)

where

L= p(Ankapov + A aeyu+ A aeyp + AL oy’ + Al ayup + Caeye® + L aepuer + Caeyup + Coype + Loy’
+ Gy’ p + Cayuop — Aeyu — Aleyp — Ay — AL yup + Aenue + Aenwp + Aenwo + Agpov
+ A o Anuep + Anquos + Aupov — Ceyil® — Ceyuo — Ceyup — Ty’ — Gy o — Gy p — Cypeop
+ upov + ewpov + 12 pov + pwpov + Aeu? + Asup + Asuo + A’ + AP p + Ao
+a + el p+ e’ o+ suop+spwo + 1t + 1L o+ p o + 1 wop + 1P wo
H= (o’ — o)y’ + (A+ @ +p)o’ + (=4 — 0 —p)a)y® + (dp+ wp)a® + (—Ap — wp)a)yu)
+ (o + (p+ o+ + )y + ((ov+ A+ @)p + (nw + 0) A+ 00)ap* + ((nw + ov) A+ wav)p + Anos) au
+ Ankwpov){

By using the next generation matrix, the basic reproduction number is determined and given by:
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=l 0 0
0 0 0
+u 0 0
V=| —no -{(1-a)y+o+p 0
0 —0 ptu
w+u 0 0
ne(p +u) (p+u) (I-v)p
(0 +p)(Cay+Cayp — Cyu—Cyp +pov—po) (Cayu+Cayp —Cyu—Cyp+pov —pa)  (Copu+Cayp — Cyp—Cyp + pov — po)
nwo o Cay+{y+u+p

(@ +u) (Cayu+Cogp —Cpu—Cyp +pov —pa) (Caypu+Cayp —Lyu—Lyp+pov —pa) (Capu+Layp — e —Cyp +-pov — po)

The reproduction number is given by p(FV—1), and

RO:ﬂC(lia)—O— PE(1 = a)no(ué +péy +0&) (10)

wo+u)  plo+u)(Copu+Coayp —Cyp—Cyp -+ pov — po)

Global stability of the equilibria
The global stability of the disease-free equilibrium was investigated using the Comparison method at the disease - free
equilibrium E, Theorem 1 proves the global stability of disease -free equilibrium E,

Theorem 1: The disease - free equilibrium E, of system (3) is globally asymptotically stable if R, < 1 and unstableif R, > 1.

Proof: The Comparison method as implemented in Lashmkantham, ez al (1989) and Mushayabasa et al (2011) is used
here. The rate of change of the acute and chronic components of system (3) can be written as

dA
i N s
—|=F-V)|C|—-|1-=
dt ( ) T < N)
dT
dt

where,

_ H H 1
F= 0 0 0
0 0 0
o+ 0 0
V=|-no —{(l1-ay+o+u 0
0 -0 pu

Since at the disease free A=C=T=R=0— (0,0,0,0) and S < Nas t — .

Thus,
dA
dt
dC
dt
dT
dt
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Then all eigenvalues of the matrix (F — V) have negative real parts, i.e

pO-a)_ o, G0 Gp(-a)
u

# u .
no {(1—a)y+o+u—27 0 -
0 o —(p+p)—1

13+<ﬂ(a_((1_a)VH—,BC+3ﬂ2+COﬂ+PH+UN);Lz
U
1 ( ( neoé pla—C(1—a)plop—nwé fE+(1—a)ype —20(1—aypd — (1 — a)uo — (1 — a)yup + 2L apu
1\ \ +Capp+(aBo— 20Bu—Bp —CBo+ 3 + 24> 0 + 2 p + 2 0 + pewp + pwo +ppo
Cappu+Capuo +Cappo+ (1 —a)yplu+ (1 —a)yplp — (1 — a)yuwp — nuad, fC —nwé, fCp
1| € —apcapu—(1 - apdapp +ut =Pl + il op+ it wo + 1 po — (1 — o)y + i o +ip+ico
+ o — Epu— EBuo — Cfpo+ pwpo — (1 — a)yd @ — {(1 — a)ypi’p — no&rflo + anwérflo
+ o floy+noupé fC
an

Equation (11) has three negative roots by Descartes rule of signs if

Cappu+ Capuo+Cappo+ (1 —a)yplu+ (1= a)yplp — C(1 — a)yuwp — nuad, fC— nod,flp
— (1= a)yCapu— (1 —a)ylapp+u* — BEu* + 1l wp + 1P wo + 1Ppo — (1 — o)y’ + 12 0 +10p+ 1o
1| +Capu® — EBpu— CPuo — Cpo +uwpo — (1 — ey — (1 — a)y’p — noérplo +awé,plo
+nod, oy +noupé 1 fC
nwé plo— (1 —a)yCap —nwé fC+E(1—a)yBl —20(1 —a)y® — (1 — a)yuw — (1 — a)yup + 2L apu
<+Caﬂp+éaﬂa 2 Bu—Pp — CPo+ 31 + 2l 0+ 2 p+ 20 + pop + pwo + upo )
(ﬁé“a—é“(l—a)yﬂ—ﬂ5+3ﬂ2+wﬁt+ﬂﬂ+ﬂﬂ)
u

—

Cappu+Capuo +(appo + (1 —a)yBlu+ (11— a)yplp — C(1 — a)yuwp — nuewé, fC—nwé, flp
— (1= a)ylapu— (1 —a)plapp+u* — i + il op + 12 0o +@Ppo — (1 —a)yyd’ + P o +1dp+ 1o
+ o — Cpu— (Puo — Cfpo + pepo — C(1 — ey’ @ — (1 — a)ylp — nowérplo + anwéplo
+nowd plop~+noupé 1 fC <1
noé pla— (1 —a)ylap —nwé pE+(1—a)yBe —20 (1 — )y’ — (1 — a)yuo — (1 — a)yup + 2L apu
< +Copp+Capo— 20Bu—CBp —(Bo+ 31 + 2w+ 2l p + 247 0 + pewp + oo + ppo )
(BCa— (1 — a)yu— BC + 34> + op+ pp+ o)

SRy < 1.
It follows that the linearized differential inequality is stable whenever Ry < 1. Consequently, (A,C,T) — (0,0,0) as

t — oo. Evaluating system (3) at A= C =T =0 gives S — 1for Ry < 1. Hence, the disease-free equilibrium Ej of system

(3) is globally asymptotically stable if Ry < 1. The result also follows immediately that the disease-free equilibrium E of
system (3) is unstable if Ry > 1.

Theorem 2: The equations of the model has a positive distinctive endemic equilibrium whenever RO > 1, which is said to
be globally asymptotically stable.

Proof: Considering the Lyapunov function defined as:

irerer-( ) 3] (en(E)-(ora(E)
+(R7R*ln (If)) (12)
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where L takes it derivative along the system directly as:
dL S\ dS A"\ dA c*\dcC T\ dT R*\ dR
—=(1- 1——)— 1— l—— | —+ (- |— 1
dt ( S)dt+( A)dt+< C)dz+( T)dt+( R)dt (13

ZI; (175 [C(1—a)(1—9C) — (BA+E1BC+ELT)S+ (1 — ) wA — S+ (1 —k)vpT +eR]

*

+ (1 —AX) [(BA+EIBC+EPT)S — (0 + 1Al + (1 —%) (oA + (1 =0)pT — (o +u— (1 —a)y)C]

s

4 (1 —%) [6C — (p+ )T] + (1 —R?f) (Ca-t kopT — (e-+ )R] (14)
At equilibrium,
C(1—a)(1 = 1C) = (BA" +EBC" + ET)S" — (1~ n)oA” +4" — (1 — KywpT* — oR*
A* + (1 —0)pT*

(J—i-,u—C(l—a)y):w (15)

oC*

(ptu) ="

(e+1)R= CotkopT” +I§U” r

a_(,_%
dr S
+(17

+(1-%
+(1—

B <1 _s_*) {ﬁA*S* +EBCHS + EPTS* — (1 —n)wA* +uS* — (1 —k)vpT*

(BA* +ESC +EPTH)S* — (1 — n)oA* +uS* — (1 —k)vpT* — eR*
= (BA+EPCHEPT)S + (1 —n)wA —uS+ (1 —k)vpT +eR

> {(ﬁA+61ﬁC+g2/gT) (BA +f]ﬁC1::-52ﬂT*)S A

nwA* + (1 —0)pT*C T* oC*T
{nwA +(1—0)pT — Vo +11 T oC s
Cochkva*R}

>

a9

x| %

kopT —
[Ca—i— vp 7

S )| —eR* —BAS — & BCS — EBTS + (1 — n)wA — uS+ (1 —k)vpT + &R
A PA* S*A CGIPCISTA SHPTSA fou A*T*C
1-—) |pA 7S — 1—— |pwA+(1—0)pT|1—

T* Cc*T R* T*R
- 1- 1-= T|1-2>
+( T)O’C|: CT*]+< R)C(H—kvp [ TR*}

-(-5) (%) W( s )1 ) romaen (-5
(1 s) () (1)

(1) (14 )+51ﬁc( CEAY ems(1- TS s
C* A*T*C oC

R A i PO R A RS T
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oo Y o (-5 (s () el )0

L—moA(1-) (1-2) + (1 —kwpT (1= ) (1= ) +er(1-2) (1=
+(1-n)w S) i +(1—k)vp 5 T)+e( 5 R
A AS* A* C'S'A A* TS*A
as(1-2-) (1-22 -2 ) (1-=22 rs(1-2-) (1-222 A
L S( A) SA*)—HZlﬂCS A)( scar ) T S( A Tsa* ) 1

c* A*T*C T* C*T R* T*R
l—o)pT(1—— ) (1-5— - )(1-== T(1-=)(1-=
s (1-G) (1) woe (1) (-G et (1) (1 7)

S* 2
- —yS(l —§) +P,(S,A,C,T,R) + P>(S,A,C,T,R)

where,

nisacrm=-as(1-5)(1-55) -ages(1-5) (1-S5) -ens(1-5) (1-75)

P>(S,A,C,T,R) = (1 fn)cuA<l fs—*) <1 Ji*) e 7k)VpT(1 7*1*) <1 ,T:) +6R(1 ,Sj) (1 ,Rj)

N A S T S R
cns(12) (15 Y s (-8 (1S egms(1- ) (1-52)
+nwA+(1 fv)pT(l f%*) (1 71:*1725) +JC(1 fT?*) (1 72;7;> +¢a
shapr(1-5) (1-12F)
R TR
P <0 whenever
AS>A*S",CS>C*S* TS >T*S* (19)
and
P><0 whenever
A'S > A*S* ,A*CS > AC*S*, TSA* > T*S*A,ATC* > A*T*C,CT* > C*T,TR* > T*R (20)

Thus,
‘é—f <0 if the condition in (19) and (20) holds.

Therefore, by LaSalle asymptotic stability theorem (LaSalle, 1976), and Adeniyi et al. (2020), the positive equilibrium
state % is globally asymptotically stable in the positive regionRi.

Sensitivity indices

To test the strength of the model and the parameter values, a sensitivity study was carried out. This is done in order know
the parameters that have a huge influence on the basic reproduction number (R0) which is done using Maple 19 software.
A variable k; a normalized forward sensitivity index which depends on a parameter: ¢ differentially, is defined as:

ok
pk_° 21
‘T otk D

The RO sensitivity is therefore derived from each of the different parameters listed in Table 1. All expressions are complex
for sensitivity indices, so sensitivity indices are evaluated in Table 2 at the baseline parameter values.

Model validation

To validate our analytical results, we perform numerical simulations of the proposed model (2). These simulations are
based on qualitative analysis. Some of the parameters were obtained from published research, while others were estimated
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Table 2. Sensitivity indices on RO.

Parameter Sensitivity index
s 1.0000041
s 0.9999999
13 0.0027767
€ 0.3456467
n 0.0027766
Y 0.0000004
c 0.0026593
o —0.054285
n -1.387192
—0.955709

Table 3. Parameter values used for the numerical simulation.

Parameter Values Source

C 0.012100 Khan et al (2019)
B 0.009500 Khan et al (2019)
& 0.160000 Khan et al (2019)
€ 0.050000 Estimated

n 0.067000 Estimated

Y 0.110000 Khan et al (2019)
c 0.590000 Khan et al (2019)
o 0.320000 Khan et al (2019)
n 0.006930 Khan et al (2019)
® 0.160000 Estimated

k 0.300000 Estimated

p 0.005000 Estimated

v 0.05000 Khan et al (2019)

by the authors as they were thought to be biologically feasible. We employ a strictly numerical RK (Runge-Kutta)
technique of order four embedded in the Maple 19 software. Table 3 contains the parameter's comprehensive values.

Considering the first sizes of compartmental population, taking the parameter values and the interval (0-60) using
the linear stability analysis, we perform the simulations and obtain the outcomes shown in Figure 2. The dynamic
behavior of susceptible individuals is represented in Figure 2A, showing the existence of the susceptible individuals. It
was discovered from Figure 2B that the acute populace decreases with the passage of time. Ditto the behaviors of chronic,
treated and recovered populace, respectively, are dynamically represented in Figure 2C, D and E. The trajectories S(t),
A(t), C(t), T(t), and R(t) distinctly converge to the disease-free equilibrium of EQ =(S_0, 0, 0,0, 0,R_0) =(1.678018396,
0,0,0,0,0,0,0.06801334973) as indicated in Eq. (10), when R0 =0.07150316516< 1. The dynamics of the susceptible
populace with respect to the treatment rate o, recovering rate with full immunity k and the rate at which recovered
individual fallout from risk reduction € is shown in Figure 3A. It is evident from Figure 3A that with the increase in the
parametric values, the susceptible population increases, even as increase is not evident due to those who recover with
complete immunity. However, there is still an increase due to some people who fall out of risk reduction, checking the
cumulative impact of the parameters causing the increment of the susceptible populations. The inverse relationship of the
compartmental population (acute and chronic) with the variance of the above parameters is shown in Figure 3B and C.
This means that it is possible to minimize acute and chronic individuals by increasing the parametric values. The variation
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Figure 2. The dynamical behavior of the varying population of the classes: (A) susceptible (B) acute (C) chronic
(D) treated (E) recovered using the Maple 19 software.

of the treated and recovered populace is shown in Figure 3D and E. An increase in the treated and the recovered
population is caused by increasing the values of the parameters. It can be clearly inferred from our computational
simulations that treatment, spontaneous clearance and reduction of the risk factor are highly successful in transmitting
and regulating HBV transmission. The effective measure of these parameters as substantiated by the simulations is an
excellent control method of the transmissible infection of HBV.
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Figure 3. The dynamical behavior of the various classes varying various treatment parameter (A) susceptible
(B) acute (C) chronic (D) treated (E) recovered using the Maple 19 software.

Conclusion

A deterministic model of hepatitis B that involves the spontaneous clearance of an acute individual and also recovery
of chronic individual with full immunity and risk factor reduction was developed and investigated. Disease-free and
endemic equilibria of the model exist. The basic reproduction number was constructed by the method of next generation
matrix. The global stability of the disease-free and endemic equilibria was discussed and shown to be asymptotically
stable. The effects of the treatment rate, the recovery rate with complete immunity, and the risk mitigation factor were
thoroughly discussed. Future work may include using the optimum control theory to mitigate hepatitis B infection.
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