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The study examines the thermal explosion branched-chain and entropy generation as a result of
irreversibility of hydromagnetic reactive couple stress liquid with viscous heating and Navier slips.
The reactive fluid flow is enhanced by heat dependent pre-exponential factor and axial pressure
gradient in a porous wall. The flow equations for the non-Newtonian couple stress fluid model and
heat transfer are solved by employing a semi-analytical collocation weighted residual method
(CWRM). The efficiency and validity of the obtained results was verified with the existing results.

The results reveal that at low hysteresis magnetic and viscous dissipation the irreversibility process
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is minimized and thermodynamic equilibrium is improved. The results from this study can assist
in understanding the relationship between thermal and thermal explosions branched-chain.

©2019 The Authors. Published by Elsevier Ltd on behalf of The Chinese Society of Theoretical and
Applied Mechanics. This is an open access article under the CC BY-NC-ND license
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Recently, there is an increasing interest in the analysis of
thermodynamic processes involving flow of non-Newtonian li-
quids in a channel. This is because of its usefulness in renew-
able energy and its application in thermal engineering science
such as nuclear reactor, heat exchanger thermal system, energy
generation, thermal hydraulics and so on. The needs to improve
energy of a system and minimize energy wastage has enhanced
interest in non-Newtonian liquids [1]. The liquid with distinct-
ive rheological behaviour that make them more valuable than
Newtonian fluids. Among the polar non-Newtonian fluids is the
couple stress fluid. Couple stress liquid is a liquid without micro-
structure but with only one constant material term that account-
able for viscous lubricant and couple stress [2, 3]. Flow of hydro-
magnetic couple stress fluid often accompany with heat transfer
in many thermal system. Several machines operate with diverse
kinds of lubricant oil under different temperature which often
affect the oil viscosity. To avoid or reduce the changes in the lub-
ricant oils as a result of heat, there is need to consider hydro-
magnetic lubricants as reported by many researchers [4-6].
Hyromagnetic lubricants has high thermal conductivity induced
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by electromagnetic fields which create ohmic heating that help
in improving the lubricant viscosity.

Upgrading the performance of machines by monitoring the
quantity of the accessible energy in doing work has prompted
scientists to study the entropy generation due to irreversibility in
a thermal system. Entropy is either unchanged or increases in an
adiabatic system. In few of these, analysis of hydromagnetic flu-
id flow with convective heat transfer using thermodynamic
second law was carried out [7, 8]. Flow of peristaltic hydromag-
netic energy conversion and entropy production rate in a tube
has been examined by Akbar [9]. Unsteady magnetohydro-
dynamic (MHD) nano-fluid flow and entropy generation in an
elongated permeable surface was investigated by Abolbashari et
al. [10]. Analysis of entropy generation by MHD viscoelastic flow
in a permeable medium past a stretching plate was studied by
Baag et al. [11]. The problem was analytically solved by employ-
ing Kummer's function. It was reported from the study that
Darcy dissipation enhances entropy generation except for fluids
with small thermal diffusivity that encourages reversibility pro-
cess. Salawu et al. [12] reported on entropy generation by irre-
versibility by variable conductivity Powell-Eyring reactive fluid
in non-Darcy porous media. However, Kareem et al. [13] ex-
amined entropy production in a flow of couple stress liquid
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through permeable channel. The analysis was done by Adomian
decomposition method. It was noticed from the investigation
that magnetic field term reduces the entropy generation rate in
the system. Despite many works done on couple stress fluid, to
the best of the author's knowledge, no work has been done on
the thermal runaway and entropy generation in an exothermic
reactive couple stress fluid.

Studies associated to heat transfer and thermal runaway in a
hydromagnetic exothermic reaction system is highly useful in
enhancing operation and design of several technology devises
[14, 15]. For example, the automobile's exhaust catalyst convert-
er offers a stand for exothermic reaction in which hydrocarbons
are totally burned. This supports the reduction of toxic emis-
sions like carbon dioxide from engines that contaminant the en-
vironment [16, 17 ]. Nevertheless, to stabilize, ignite and work
under steady state situations, the catalytic converter of a heat
combustion criticality in a reactive couple stress needs to be ob-
tained. Mathematically, heat transfer and thermal explosion of
an exothermic chemical reaction institutes diffusion reactive
problem and the longtime solutions performance in space will
give a perception into the complex physical inherent process of
thermal explosion system [18, 19].

The theory of diffusion reaction equations is relatively com-
plex and their solution in spherical, rectangular and cylindrical
coordinate remains highly essential and practically significance
in technological sciences. This study examine the thermal explo-
sion and entropy generation of reactive hydromagnetic couple
stress fluid with dissipation and Navier slips under various kinet-
ics using weighted residual method.

Consider an exothermic reacting fluid in a horizontal chan-
nel with unidirectional velocity distribution. The liquid is pro-
pelled by an external pressure gradient acting on the fully de-
veloped hydromagnetic fluid. The flow configuration contains a
bounded infinite non-isothermal surfaces located at y = [0, k]
with the X -axis in the flow direction, y is normal to the surfaces
and the effects of z is negligible, see Fig. 1.

The mass conservation and a dynamically compatible flow
motion equations for an incompressible, viscous couple stress li-
quid is written in the form Anwar et al. [20]

V-A=0, )]

1
pW = Vp—noV*A + uV2A + pF + 5 curl(pN) — J x B. 2

The parameter ratio to that of dynamic viscosity is squared
units length which is the characteristic length of the material.
The main idea of couple stress is the introduction of length de-
pendent effect which can not be found in the dynamics of non-
polar classical fluid.

The moving conductor by Ohm's law in the present of Hall
current can be written in the form

General equations of electromagnetic field by Maxwell's fol-
lows Stokes [21] is given as

OB
VxE=— 9B ,  Faraday's law, (4)

ot

V x B=Ju, Ampere's law. (5)
V - B = 0 by Maxwell equation and V - J = 0 by Gauss's law.
For J, = 0 all over the liquid regime due to absent of external
electrical field and negligible polarization effect. The energy bal-
ance equation for a couple stress exothermic chemical reaction
is
Par = —divq + pr + no(V2A)? + QCK g, (6)
where H represents internal energy, q is the heat flux by
Fourier's law with thermal conductivity i.e. ¢ = —K'VT. Follow

from Okoya [22], temperature dependent reaction rate K, is
defined as

Ko=A (K—T> e AT, (7
vl

The exponent m € {—2,0,0.5}, its represent the chemical
kinetics for senstized, arrhenius and bimolecular. By the as-
sumptions above, the momentum and energy balance equa-
tions corresponding to the boundary conditions are respectively
given as [3, 13]

du dp d*a d*n .
V"pd—y:_EJr“d_yz_n"@_aB“u’ (€)]

a7 &T da\? d’n\* ) s
e =t () +m(Ge) i
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The corresponding boundary conditions

da(0) d*z(0)

u(0)=n =g g =0 10 =Ty
at) = S S5 =0, ) = T (10

Applying the following non-dimensional quantities and vari-
ables on Egs. (8)-(10) as

Ph ¥y x E(T—Ty) dp u
P="" y=2 x=2T="_"%Y G=—-" w=—
Nyovy hvx ha RTOZ ’ dx’w 1/07
oY ooB3h? Br — PEV? o QCARE (KT ’”e,%
no RKT?’ KRT¢ \ Iv ’
h2 RT() ,LLC r ra l/oh
p2=Htr g0 p K, N, T N
770 b= Pr=—rs= &= 0=
(11)
The following dimensionless equations are obtained
dw dw 1 d'w
m =G -HW+ ——y — (12)
@ dy Wt dy2 A2 dyt’
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+6(1 + BT)™er . (13)
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_ u du
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Flow direction y
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Fig. 1. Flow setup geometry

Along with the boundary conditions

du(0)  d*u(0)

u(O) =& y ) dy2 = 07 T(O) = 07
u(l) = g dzgll) : d:;(zl) =0, T(1)=0. (14)

The wall shear stress friction and the wall temperature gradi-
ent for the purpose of engineering design are respectively
defined as

da 7 d3u) dr
Tw=\73=——" 3= y q=—k— . 15
Y (dy pody ) | dy |- (15)
The dimensionless form of the quantities gives
3
Cf:T_“’:(d—w—Azd—l;]) , Nu:i:—d—T .(16)
Vo dy dy® /|,—o kT, dy|,_o

The inherently irreversible of the reactive hydromagnetic flu-
id flow creates consistence entropy generation. Thus, this is due
to exchange of heat between the channel walls and the conduct-
ing couple stress fluid. The local entropy volumetric rate for the
viscous fluid and magnetic fields is defined as [4, 23]

Lo Ko (AT oBi@  po(da\' g (da)’
“T 12 \dy To T, \ dy n\agz) 79
The first term of Eq. (17) defined the irreversibility of heat
transfer while the irreversibility due to viscous joule heating, flu-
id friction and couple stress are respectively presented in the

second to fourth terms of the equation. Using Eq. (11), the di-
mensionless rate of entropy generation in Eq. (17) takes the form

d_ll} 2
dy
1 [ dw\? 2 2
+ﬁ<d7y2> +Hw| . (18)

The Bejan number (Be) is described as

S

 RE%g (dT)Z Br
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where _ N N;=N,+ N N, = dr\* and
Y= Nl ) s — 1V2 N 1— dy
B 2 1 2 2
N, = ?r {(i’;’u) + Ve (%:) +H2w2]. N, illustrates the

energy transfer irreversibility, N, depicts the fluid friction,
couple stress and magnetic field irreversibility and y denotes the
irreversibility ratio.

Be ranges from 0 < Be < 1. Irreversibility due to fluid fric-
tion, couple stress and magnetic field dominates the system
when Be = 0, but irreversibility due to heat transfer dominate
the conducting reactive couple stress fluid flow when Be = 1 at
temperature differences.

The weighted residual techniques [23, 24] is an idea that is
based on getting an approximate solution to a differential equa-
tion in form of polynomial for an equation

Pw(y)] = r in the domain D, B, [w| = o, on 0D, (20)

where P(w) depicts the linear or nonlinear differential operator
of dependent variable w, r is the known position function,
B, (w) is the boundary condition with D has the domain while
0D is the boundary. The approximate solution to Eq.(20) is
carried out by expressing w(y) in the form

w(y)zw<y7cl7027'“7cn)a (21)

which depends on the terms cj,cz,...,c, and boundary
conditions is satisfied with the arbitrary values c¢/s. In
application, w (y, ¢y, ¢z, ..., ¢,,) takes the form

w(y,c) = ¢o(y) + Z cioi. (22)

The function ¢;(y) is prescribed and satisfied the boundary
conditions

B, (o) = o, Bu(¢i) =0, i=1,2,...,n. (23)

Therefore, the boundary condition of Eq. (20) is satisfied with
w (y, c1, 2, C3...c,) for arbitrary values of ¢’s. Using Eq. (21) on
Eq. (20), the residual equation is obtained as

E(y,c) =Plw(y, 0]l =r(y), (24)

for which ¢ = (¢, ¢z, ...,¢,), this shows the extent at which
w(y,c) satiates the differential equation as number n of the
function ¢; is enhanced in the succeeding approximations. The
purpose is to decrease F (y, ¢) over the domain to zero at some
average sense. That is

/F(y,c)W,-dy:O, i=1,2,..n (25)
Y

The weight functions W; is equal to the number of unknown
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constants ¢; in w. The solution contains set of algebraic equa-
tions n for the unknown quantities c;.

In the method, collocation techniques is adopted to provide
solution to the weighted equations. The weight functions are
taken to be Dirac delta function where W;(y) = é(y — y;). That
is, the error is minimized to zero at some assumed nodules y;.
Integration of Eq. (25) of Wi(y) = 6(y — y:) gives F (y,c) = 0.

To solve Egs. (12)-(14), a trial function is assumed as

wly) =Y ay', Ty =) by (26)
i=0 i=0

The trial function is imposed on the boundary conditions
Eq. (14) as well on the Egs. (12) and (13) to obtain the residual
equations as follows

wy = (10y°a10+ 9y®as + 8y ag + 7y°a; + 6 y°as + 5y*as
+4y*as+3y*as +2ya + a1) — G — 90y®ay, — 72y aq
—56y6a8 — 42y5a7 — 30y4a6 — 20y3a5 — 12y2a4 —6yas
1
—2a,+ ;5040 y8aio + 3024 y°as + 1680 y*ag 4 840y3a;
+360 y%ag + 120 yas + 24 a, + ..., (27)

T, = aPr (10y°bio + 9y* by + 8y by + 7y°b; + 6 y°bs + 5y*bs
+4y°by+ 3y by + 2yby + by) — 90y°byg — 72y by — 56y by
—42y°b; — 30y*bs — 20y°b; — 12y°by — 6 yby — 2 by
—Br (10y°aig+ 9y®aqg + 8y as + 7y°a; + 6 y°as + 5y*as

+4y3a4+3y2a3+2ya2+a1)2+.... (28)

Within the domain, minimize the residual errors to zero at
uniform interval of collocation points. That is, ¢ = (z; — zo)7/N
where 7=1,2,....,N —1,and zy = 0, z; = 1, N = 9. The residual
equations along with the obtained boundary conditions are
solved to get the unknown coefficients. The default parameters
values are taken as G=1, A=1, a=1, g =0.1, gg=0.1,
H=05, Br=1, Pr=0.72, §=0.02, 6=0.1, m =0.5. The

process is repeated for variation in the parameters values. Maple
software is used to solve for the unknown coefficients and for
completely solving the problem.

In the study, semi-analytical method (collocation weighted
residual method, CWRM) is used to obtain the solution to the
problem under consideration. The influence of some thermo-
physical parameters on the reactive non-Newtonian fluid flow
momentum, heat, entropy generation, Bejan number and
thermal runaway are plotted and presented. It is illustrated in
Table 1 that CWRM give a good result when compared with the
exact results and Adominan decomposition method (ADM). The
CWRM agree well with the other method of solutions with the
order of absolute error 10~7. In Table 2, the numerical values for
the wall shear stress friction and wall temperature gradient are
reported. It is seen that some terms enhances or reduces the
shear stress friction or heat gradient at the wall due to the influ-
ences of the momentum or temperature boundary layers.

Figures 2 and 3 depict the reaction of the fluid momentum
and temperature to variational increase in the inverse couple
stress parameter (A). Physically, a rise in the inverse couple
stress term leads to reduction in the fluid dynamic viscosity and
amount of fluid additives. The decrease consequentially resul-
ted into enhancement in the fluid velocity and energy transfer in
the system. Meanwhile, an increase in the couple stress promp-
ted production of velocity rotational field and non-Newtonian
viscosity. Hence, a reduction in the momentum and heat distri-
bution in an exothermic reaction is observed due to rise in the
fluid friction. Figure 4 shows the effect of Hartmann number on
the flow momentum field. Increasing the values of the term (H)
discourages the flow rate as the parameter enhances the react-
ive fluid drag force which resist the flow. The Lorentz force is
boosted as the Hartmann number rises which in turn affected
the fluid regime in the adjacent non-Newtonian liquid layer
thereby diminishes the profile. The impact of Brinkman number
on the energy distribution is displayed in Fig. 5. It is seen from
the plot that a rise in the term (Br) stimulated the viscous heat-
ing source term in the heat equation that causes more heat to be
generated in the reactive exothermic system. An increase in the

Table 1 Results comparison with the existing results and analytical for velocity profilewhen A =1, =0,H =0.2,g, = g, = 0.1

w Wexact WADM WCWRM Absolute error (%)
0.0 0.00303054 0.00303070 0.00303065 1.0034 x 1077
0.1 0.00598827 0.00598858 0.00598846 1.8672 x 1077
0.2 0.00854151 0.00854196 0.00854177 25113 x 1077
0.3 0.01037320 0.01037370 0.01037349 2.8086 x 1077
0.4 0.01125880 0.01125950 0.01125921 3.7812 x 1077
0.5 0.01106440 0.01106510 0.01106483 4.3004 x 1077
0.6 0.00974517 0.00974577 0.00974568 5.0783 x 1077
0.7 0.00734506 0.00734554 0.00734548 4.5432 x 1077
0.8 0.00399756 0.00399783 0.00399779 2.3088 x 1077
0.9 -0.00007304 -0.00007305 -0.00007304 9.1366 x 1078
1.0 -0.00454921 -0.00454955 -0.00454946 2.4323 x 1077
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heat generation reduces the intermolecular cohesion, this then
resulted in free and high collision of the fluid particles and
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thereby rises the heat field in the channel.

The effect of selected terms on the entropy production rate

and irreversibility ratio are respectively presented in Figs. 6-9.
The response of entropy generation rate and Bejan number on
an increase in the Frank-Kamenetskii (4) and pressure gradient
(G) terms are illustrated. It is seen from the diagram that rising

Table 2 Numerical values for the shear stress friction (Cf) and temperature gradient (Nu).

o B H A G Cf(0) Nu(0)
1.00 0.1 0.5 1.0 1.0 0.0303367926 0.0119978752
0.25 - - - - 0.0302644804 0.0132847622
0.50 - - - - 0.0302887028 0.0128533417
- 0.2 - - - 0.0303367926 0.0119988866
- - 1.0 - - 0.0301380943 0.0119801517
- - 1.5 - - 0.0298126217 0.0119510334
- - - 0.5 - 0.0081329025 0.0096846962
- - - 15 - 0.0613313478 0.0151418201
- - - - 0.5 0.0151684967 0.0096180744
- - - - 15 0.0455051889 0.0159642893
[ /£ 2\
0.0015 [ 0.010 [ A7\
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0008  f A
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Fig. 2. Velocity profile with rising A Fig. 4. Velocity profile with rising H
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Fig. 3. Heat profile with rising A

Fig. 5. Heat profile with rising Br
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in the Frank-Kamenetskii values increases steadily the rate of
entropy generation and Bejan number at the upper surface of
the wall towards the center of the channel where an insignific-

0.12
0.10
0.08
A
0.06 f-°

0.04

2t/ . .
0 02 04 06 08 1.0
¥y

Fig. 6. Entropy generation with rising ¢

0 02 04 06 08 10
y

Fig. 7. Bejan number with rising ¢
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Yy

Fig. 8. Entropy generation with rising A

ant effect is noticed. At the center of the channel irreversibility
process is at it peak and Bejan number is at it lowest. Hence,
gradual rise toward the free stream is observed as the heat trans-
port irreversibility control the non-Newtonian exothermic reac-
tion. An enhancement in the flow pressure gradient term is seen
to have simulated heat source term and discourages the fluid
bonding forces, this turn to increase the thermodynamic pro-
cess within the system and thereby rises the irreversibility pro-
cess due heat transfer, joule heating and couple stress. There-
fore, the Bejan number and entropy generation distribution is
increased.

Figures 10-12 represent the bifurcation diagram for the
branched-chain thermal criticality with various chemical kinet-
ics. Thermal criticality is a state where a rise in heat changes the
system conditions such that it leads to more rise in heat, this
leads to solution blowup result. The plots of T against 6 for
hydromagnetic couple stress chemical reactive with Navier slips
is reported. The results are obtained when J., < §, no real res-
ults takes place but a classical one depicting the thermal explo-
sion is seen. The couple stress viscosity reduces as the internal
heat increases. Flow rates gradient rises with temperature and
causes solution flow back in the heat equation, leading to

0.03

0.02 P

Be

0.01

0 02 04 06 08 1.0
y

Fig.9. Bejan number with rising A

10

Fig. 10. Explosion bifurcation with m = —2
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Fig. 11. Explosion bifurcation withm =0

T e

Fig. 12. Explosion bifurcation with m = 0.5

thermal runaway. The results show that when the chemical kin-
etic is m = —2, ., = 4.3450, at m = 0, 6., = 3.2772 while for
m = 0.5, 0., = 3.0894. From the results, a decrease in the critic-
ality is noticed as the chemical kinetics increases.

In the work, an equation for an inhomogeneous spatially sys-
tem for couple stress thermal reaction with Navier slips was de-
veloped and analytically solved using collocation weighted re-
sidual method. From the study, thermal explosion branched-
chain structure was established as compared to the traditional
theory of thermal explosion. It is seen from the work that the
momentum and heat fields is diminished or enhanced, due to
the impact of inhomogeneity or homogeneity parameters in a re-
active couple stress fluid. The heat transfer irreversibility and ir-
reversibility due to viscous Joule heating and couple stress, is ob-
served increasing as the Frank-Kamenetskii and pressure gradi-
ent terms rises. The increment is due to an increase in the in-
ternal heat generation. Hence, to reduce irreversibility process
in a system, the dissipation rate, viscosity and hysteresis magnet-
ic influences should be reduced. When the unsteady solution for
T at some points in the main equation is infinite say in a finite
time such is characterized as thermal explosion. Therefore, there
is need to examine and guard the choice of values for § that res-

ulted in solution blowup. The present results, in chemistry with
suitable and detailed approximations can be useful in oxygen or
air mixtures, hydrocarbons, fuels and many others.

Nomenclature

u, w: Dimensional and dimensionless fluid velocity, m-s™

7,y: Dimensional and dimensionless perpendicular flow dir-
ection, m

A: Constant reaction rate

F: Body force

h: Channel of width, m

m: Chemical kinetics

B: Magnetic field strength, Wb-m ™2

Pr: Prandtl number

Br: Brinkman number

I: Planck's number

C: Reactant species

k: Thermal conductivity, W-m . K*

Cp: Specific heat at constant pressure, J-kg L.K!

Q: Heat of reaction term

g: Acceleration due to gravity, m-s™

R:Universal gas constant

71, &1: Lower wall Navier slip

72, &2 Upper wall Navier slip

G : Pressure gradient

v: Vibration frequency

P: Dimensional fluid pressure, Pa

H:Hartmann number

X : Dimensional flow direction, m

T: Dimensional fluid temperature, K

Greek symbols

e: Activation energy

v, o: Wall injection or suction

p: Fluid viscosity, kg-m™!-s7!

o: Electrical conductivity

o, A: Couple stress fluid material

p: Fluid density, kg-m ™3

0: Dimensionless fluid temperature, K

0: Frank-Kamenetskii term

1

2
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