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and applications. This paper aims mainly at proving Logarithmic Sobolev and multilinear
Holder’s inequalities through the heat flow method. Precisely, two entropy monotonicity
formulas are constructed via the heat flow. It is shown that the first entropy monotonic-

MSC: ity formula is intimately related to the concavity of the power of Shannon entropy and
26A48 Fisher Information, from which the associated logarithmic Sobolev inequality for probabil-
35K05 ity measure in Euclidean setting is recovered. The second monotonicity formula combines
52A40 very well with convolution and diffusion semigroup properties of the heat kernel to estab-
lish the proof of the multilinear Holder inequalities.
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1. Introduction and preliminaries
1.1. Introduction

Heat flows and entropy formulas are two powerful analytic tools widely used in various settings of mathematical anal-
ysis and scientific research. Heat flow, though classical, has attracted more attention in proving functional inequalities
[2,4,6] since the work of Carlen, Loss and Lieb [10]. Their work [10] was motivated by statistical mechanical considera-
tions, and was used to derive some sharp inequalities on the sphere. Entropy formulas were used in the 70’s to prove some
embedding and hypercontractive estimates [16,17], consequently leading to Sobolev-type inequalities. Since the complete
proof of Poincare conjecture by Perelman [22], many entropy monotonicity formulas have been proved [2,3,21,25,26] and
thereby leading to several functional inequalities such as Harnack and Logarithmic Sobolev inequalities. A motivation for
this is that applications of these inequalities are ubiquitous in various fields such as PDEs, Euclidean analysis, harmonic
analysis, information theory, optimal transport, kinetic theory and so on (cf. [4,11,18,19,26]).

This paper mainly aims at proving two important inequalities in mathematical analysis and applications, namely; Loga-
rithmic Sobolev and multilinear Holder’s inequalities. In order to achieve this, two entropy monotonicity formulas are con-
structed and their monotonicity proved by the method of the heat flow. The first entropy monotonicity formula is shown to
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be intimately related to the concavity of the power of Shannon entropy and Fisher Information [12,23,24], from which the
associated logarithmic Sobolev inequality for probability measure in Euclidean setting is recovered. The second monotonicity
formula is combined with convolution and diffusion semigroup properties of the heat kernel to establish the proof of the
multilinear Holder inequalities. This approach, that is combining heat flow and entropy formula, appeared more simplified
than using either heat flow or entropy formula independently. The results obtained here can be compared with existing
ones [5,11,18,25,26]. Another motivation for this work is that these inequalities can be easily seen as the consequence of the
ability of functionals involving powers of smooth solution to the heat equation to approach their extremal values as time
grows infinitely.

1.2. Preliminaries

This paper is concerned with the monotonicity formulas for the heat equation on Euclidean space, R", and their geomet-
ric consequences for some functional inequalities, namely, Gaussian logarithmic Sobolev inequality introduced by L. Gross in
[16] and the well known multilinear Holder inequalities. The heat equation

<aat—A>u(t,x)=O (11)

with its positive solution u = u(t, x), where % is the partial derivative with respect to t, A = Z'}:] % and x = (X1, ...,Xxn) €
]

R" is considered. The standard Gauss-Weierstrass heat kernel in R" is given by K(t,x,y) = (4nt)‘%e‘ |x:13t,\2 . It is well known

that the convolution of K with u(0, x) = u(x) solves the heat Eq. (1.1) and possesses important properties which include

smoothness, positivity and diffusion semigroup (see [15] for an example). These properties are of paramount importance in

this work. Now, set the solution of (1.1) to be a Gaussian density function (see [9] for details about Gaussian functions) with

respect to the Lebesgue measure on R",

u(t,x) == @nr) e/, t=1(t)>0 f:R"> (0,00)

. o K2 . . .
with normalization [, udu =1 and %—f =1, where du = (Zﬂ)*%e*dex is the Gaussian measure on R" and dx is the

Lebesque measure. Then, by direct calculation we obtain

f=—-Inu- g(4nr)

Jdu . n Bf (1 2)
o " (‘zf - m)”

Au=(-Af+|Vf*)u.

This implies that the problem can be reduced to the study of the coupled system

ou

EZAH

of , N

E—Af—lvfl ~ 57 (1.3)
ot _y

at
u(0,x) = u(x).

So, in a similar spirit to Perelman W-entropy, we define a new entropy functional
W(t,f):/ <r|Vf|2+f—n)(4m)-%e-fax (14)
Rn

With [, (477) " Ze~fdx = 1.

Recall that Perelman W-entropy in [22] is monotone nondecreasing in time under the Ricci flow coupled with nonlinear
conjugate heat equation and combines very well with Ricci soliton metric on compact manifold, where its monotonicity
implies that indeed a shrinking breather is a gradient shrinking soliton. Gradient shrinking solitons arise as a singularity
models for Ricci flow. The Euclidean space R" is readily an example while round cylinder S"* x R¥ or its quotient provides
another class of examples of gradient shrinking solitons. After renormalization, Perelman’s entropy vanishes on Euclidean
spaces. It can also be used to establish condition for isometry between a nonnegative Ricci curvature manifold and Euclidean
space (see also [1,21]). With nonnegativity condition on the Ricci curvature, Perelman’s entropy may also imply Li-Yau
gradient estimate [19,21,28]

n
T(Aln u) < 3
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which may in turn imply Nash inequality viz a viz isoperimetric inequality. This is in support of classical fact that classical
inequalities of Faber-Krahn, Sobolev, Log-Sobolev, Nash, Isoperimetric and Heat Kernel upper bound inequalities are indeed
equivalent on any Riemannian Manifolds as well as Euclidean Spaces, (see the following references for instance [1,13,14,28]).

This paper proves that entropy (1.4) is monotonically nonincreasing in time and shows that the resulting monotonicity
formula is strongly related to classical entropies of Shannon and Fisher information. The entropies of Shannon and Fisher
information for heat equation are respectively defined as

H(u):—/ uln u dx and I(u):/ [VIn ul?u dx.
R R

The entropy H(u) was first introduced in Shannon [23]. They have numerous applications in information theory, combina-
torics, thermodynamics and statistical mechanics. For instance H(u) can be used to provide alternative proof of Loomis-
Whitney inequality [20]. Note that Loomis-Whitney inequality is a natural generalization of multilinear Holder inequality
[7]. It also provides a very useful inequality, namely Shannon entropy power inequality.

eRHXHY) S p7HOX) 4 p7H(Y) (1.5)

where X and Y are independent random variables with probability density function in L%(R") for 1 <p < co. See the proof of
1.5 in [8,12,23,24]. Most of these proofs use monotonicity property of the heat flow.

Proposition 1.1. Let u be a positive solution to the heat Eq. (1.1). Then

dI-(Ii(tu) W (16)
and
d?H(u)
gz - AW (17)

where J(u) = [pn [ViVjin u|?u dx and V; is the gradient operator on the ith coordinate.

The proof of Proposition 1.1 is contained in Lemma 3.1 below. The relationship in the above proposition is known in
literature as DeBruijin’s identities and have been coupled to prove the concavity of Shannon entropy power. The concavity
of Shannon entropy power asserts that

N(K, +8) _

1.8
ez~ (1.8)
where N(u) = zineexp(%H(u)) is the entropy power and g is a positive solution of the heat equation while K;*g is the
convolution of g and the heat kernel. The concavity of entropy power can be viewed as being equivalent to the inequality
1
J(u) > 512, (1.9)

where

=2J(u) = %I(u).

Various proofs of this inequality are presented in literature, e.g., [12,25-27].
In [26], Toscani remarks that subsequent derivatives of Shannon entropy alternate in sign. He also considered scaling
properties of Shannon entropy and Fisher Information, respectively as

H@)=H@)—nlna and I(u) =a’l(u)

using scaling factor g(uq) — g,(v) = a®g(av), a > 0, which preserves the total mass of the function g. A more direct tool is
employed to dilate these quantities and the scalings have direct consequences on the monotone property of the quantity W
in (1.4). All these are discussed in Section (3).

2. Statement of results

The main results of this paper are stated in this section. The first result concerning the monotonicity of W = W (z, f)-
entropy is the following:

Theorem 2.1. Let u be a positive solution of the heat Eq. (1.1) with [pau dpw =1, f = Af —|Vf]? - 5. T>0and ‘j’j—f =1.
Then

dw 2T LAY
T . (|Vln u| —21_> udp. (2.1)

The monotonicity formula is sharp, indeed, equality holds in (2.1) if u should be taken to be the fundamental solu-
tion. This is verifiable by using f(t,x) = %. The corresponding differential Harnack inequality for the positive solution to



4 A. Abolarinwa, N.K. Oladejo and S.0. Salawu et al./Applied Mathematics and Computation 364 (2020) 124640

the heat equation can also be obtained from this. More importantly, it is used here to derive a sharp logarithmic Sobolev
inequality due to Gross [16], see also [17]. Gross log-Sobolev inequality states that

[ ormigl < [ VoI dyu+ (/ o du) In(lI¢l1) (22)

for ¢ e LP(R™, du) such that |[V¢| e LP(R",du), 1 <p<oo, and du be Gaussian measure on R". Note that there is equality
if and only if ¢ is a constant and no constant depending on n is involved. Suppose p =2 and ¢ is chosen in such a way
that ||¢||, = 1, the inequality in (2.4) becomes

[ #*migl du < [ 196 dau. (2.3)
The result is the following sharp inequality.

Theorem 2.2. Let ¢ < [2(R", du) such that |V¢| e L2(R", dw). Then

£
[ #*migl due < o [ VO dyu+Cem, (24)
R 2 Rn
where ¢ >0 and C(e, n) is a constant depending on on & and n.

Heat flow monotonicity has turned out to be a powerful idea to proving sharp inequalities, such as Young inequality for
convolution, generalized Holder’s inequality, Brascamp-Lieb inequality. For detail see for instance [4,6,10]. In summary, the
idea is to rely on the smoothing and Markovian properties of the fundamental solution of the heat equation, which will
diffuse initial solution to optimizer in a monotonic way. In a similar vein the second entropy functional is constructed as
follows

o = [ TTHe07duc) 25)
j=1

for all nonnegative functions f; e LPi(R™). Let f; be a solution to the heat equation, the entropy (2.5) is known to be differ-
entiable and smoothly continuous by the smoothing properties of the heat kernel semigroup for all t> 0. The monotonicity
formula for ®(t) is used to prove the following theorem.

Theorem 2.3. Let the product of m-functions f; be ]‘[']71:1 fij(x), meNand 1<j<m. For each 1 <p; <oo, we have the inequality
m m

[ T1si0due < [Tl (26)
j=1 j=1

for all nonnegative functions f; e LPi(R") with YT, p]T1 =1.

The detail of the proof (2.6) is reserved to the last section.
3. Proof of main result about W(7, f)

This section is devoted to the proof of the monotonicity formula for W(z, f). The relationship between the monotonicity
formula and the classical entropy of Shannon H and Fisher information I are also highlighted.

3.1. Monotonicity of W(z, f)

Firstly, an important lemma that will be applied in the proof of Theorem 2.1 is stated and proved. The lemma also
contains the proof of Proposition 1.1.

Lemma 3.1. Let u be a Gaussian density function satisfying the heat Eq. (1.1). Then

3(/ uln ud,u) :—/ IVIn ul?u du 1)
3t RN R
and
3( IVIn u?u du) _ —2/ IVVIn ul?u du. (32)
8t Rn R"

Proof of Theorem 3.1. By direct calculation

d ou d Au
&</Rnulnudu) :/Rn [Elnquuﬁ(lnu)]du :/Rn [Aulnu+u7]du

= | Aulnudpu=-| Vu Vlnudu:—/ |VInu|?u dpu.
Rn RrR" Rn
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This proves (3.1).
%<|Vlnu|2u d,u) :/ [ (lVlnu|2>u+|Vlnu|2 ]du

_ 2uVlan< )d,u+/ IV InufAudp

RN

=2/ uVinu V(Alnu+ |Vlnu|2>du+/ AV Inul?udu
R"

Rn

=2 U Vinu VAlnudu — Z/RH uA|Vinul?du
+[Rn AV Inul?udp

=/]Rn [Z(Vlnu, VA lnu) —A|V1nu|2]u m
_ _2/Rn V'V (Inu)u du.

The last equality follows from the following Bochner identity on R"

fAIVfIZ IVVFI> +(Vf,VAS)
for every fe C*. This completes the proof of (3.2). O

The proof of Theorem 2.1 is now stated.

Proof of Theorem 2.1. Using (1.2) we can rewrite the quantity (1.4) as

we [ [
R"

=/ T|Vinul?u du —/ In(u) udu — fln(4nt) —n
R" Rn 2

=tl(u) +H(u) — gln(4nr) —n.

—Inu- = ln(4711:) - n]u du

Combining Lemma 3.1 and Proposition 1.1, the time derivative of W is obtained as follows:

dﬂ dI+I+dj n

dt dt dt 2t
di n
_ta+21—;

n
:-2t]+21—§

2 n 27 n
_Zip 21—7=—7(1——)2.
= nr + 2T n 27

Using I = fpn |V Inul?dp, fgnudp =1 and Jensen’s inequality, we have

(I—E>2=</Rn<|Vlnu|2—%)u)2 /Rn<|vmu|2 T)udu

This completes the proof of Theorem 2.1 O

3.2. Scaling for W

Consider a standard mollifier u(x) such that [, u(x)dx =1 and u¢ (x) = € "u(%), € > 0. Then, Shannon entropy and Fisher
information scale respectively as follows

H(ue) = —/ ue Inucdp
]Rn

_ _/]R”e‘”u(e)ln (e—"u( ))au
:_/Rne‘”u(e)lnu<:) —/We-"u( )lne‘”d,u,

:—/ u(y)lnu(y)du(y)—lne‘"f u(y) dpu(y) = H@w) + nlne
Rn Rn
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and

2
P ‘Ve*”u(ﬁ)
,(ue):/ MW:/ L= "\
Rn ]Rn

du
)

€2 D|Vu(y)|? o [ [Vu)?
R e-"u(y) mo Uy)
It was already shown that entropy functional W relates well with Shannon entropy and Fisher information, but the scaling
done above indicates that both H(u) and I(u) are not scale invariant with respect to dilation factor u(u) — u¢ (x) = e "u(%).
Hence, the need to establish the scale invariance for W. Moreover, the decreasing in time monotonicity depends on scale
invariance with respect to the dilation factor. Recall

_ |Vul? n
W= 8 (r 2 —lnu)udu—iln(4nt)—n.

dp = e 2I(u).

Using the scale factor u(x) — ue(x) = e "u(%), we have
2
We =W (ue, 1) = / (rM — lnu6>u5 du — n In(4rt) —n
R u2 2

€
=Ttl(ue) + H(ue) — gln(élnt) -n
=te?I+H+nlne — gln(4nr) -n

Choosing €2 = 47T, we have

1 |Vv|?
W(ue,r):/Rn [E 2 flnv]vdu(y)fn,

where ue (x) = e "v(2) with dx = €"dy and v(y) = €"u(ey) have been used in the last equation.
Now, suppose at time t = 0, up(x) > 0 and [z, up(x)dx = 1, then by the convolution of the heat kernel, we have

u(t,x) = (47rt)‘%/ e‘%uo(z)dz
RH
and

ley-zI%

@ Uy(z)dz

v(t.y) = €"u(t, ey) = €”(4nt)’%/ e
RN
= (4mt)? (4mt)~* / ef%\y—z/exzuo(z)dz
R"

= / e Tlv-2/€lP 0 (2)dz.
Rn

Since z/e — 0 as t— oo, then v(y) — el pointwisely for fixed y and the W-entropy can be written as

L1 V)P
w= [ (& ()2

It is also clear that Vu(y) — Ve "W’ — _27ye="IW* and Inv(y) — Ine~"W* = 7 |y|? as t— co. Therefore, by application
of dominated convergence theorem as t— oo

W — / 27 |y|Pe ™ du(y) —n = 271/ lyl2e ™" du(y) —n=0.
Rn R"
Combining the above with monotone decreasing property of W, we can conclude that
0= lim Wz (). f(t) <W(z(t). f(1)).

This then implies that W(f, 7)> 0 for all t€(0, oo).

- lnvcw)vcy) du(y) —n.

3.3. Log-Sobolev Inequality

Note that Log-Sobolev inequality (2.4) is scale invariant, that is, the inequality is preserved under multiplication by a
positive constant. Once W= 0, one can then write

[Vul?

r/ —_ duz/ ulnu d,u+Eln(4nr)+n (3.3)
RN u RN 2



A. Abolarinwa, N.K. Oladejo and S.0. Salawu et al./Applied Mathematics and Computation 364 (2020) 124640 7

which is essentially the Log-Sobolev inequality. Choosing a standard notation ¢ = /u with [, ¢? du =1, it is then obtained
at once

41’[ |V¢|2d,uz/ ¢?In¢p? du+gln(4nt)+n,
R" Rn

which implies

[ e au < 5/ Vo |2dp +Cle. ). (3.4)
Rn T R?

The above argument proves Theorem 2.2

4. Monotonicity of ®(t) and the proof of Theorem 2.3

The aim of this section is to prove the inequality in (2.6). Here, the fundamental solution of the heat equation is used.
Let f(t,x) = P f(x) solve the heat equation, where P; is a one-parameter heat diffusion semigroup generated by A.
Setting v := log f(x) at t = 0, we have the initial value problem (from the heat equation)

ov 2
T Av+ V| @1

V|e—o = log f

with the diffusion semigroup v(t,x) = logP; f(x). Following the idea first introduced in [10] (also used in [6]), a nonlinear
heat semigroup can be defined by

fiex) = (RF?)

to obtain a nonlinear heat flow

af(tx) IVf®)|?
=Af(xX)+ ———.
ot o~ M OF T
Using the transformation of R" onto jth coordinates, 1 <j <m, the jth coordinate nonlinear heat flow is precisely written as
afi(t, xj) [V fi(t,x;)|?
—Af: . 4.2
ot fit %) + fit.x)) (4.2)
Now define the functional
m
O(t) = /1; T15.% du) (4.3)
j=1

which is known to be differentiable and smoothly continuous by the smoothing properties of the heat kernel semigroup for
all t>0.

4.1. Monotonicity formula for ®(t)

Lemma 4.1. Let v :[0,00) x R" — R, 1< j<m be a nonnegative solution of (4.1). Then ®(t) is nondecreasing in time and
specifically

()= [ 1w - VanP T] £ duco. (44)
R 1k j=1
Proof. Taking time derivative of ®(t) and using (4.2), we have
d m m a m
Q'(t) = — fidu®) ) = - f fidu)
dt (/le_! ! ) /R (:; ot k) j=11,_[j¢k ]
m 2 m
= > (Afk+ VA ) [T fidet
R -1 fi j=1. j#k
m m m V£ |2 m
= [ Y@ 1 fidew+ [ > (' e ) I f du.
R k=1 j=1, jk R™ k=1 k =1, j#k
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Applying integration by parts on the first integral yields

(1) = - fRZka,vm 7 dM(X)+fZ 'Vf"' ) 1 i due

k, =1 j=1, j#k|l Jj=1, j#k

Vi Vi VAP TA
- Vi y
'/R"k;[fk i ]ﬂfj 1 (x)
1 [IVAR VAP,V VS
T2 Jgn [ kz + f12 fk 7 ]Hf

k=1, kl

du(x)

j=1

1 [V Vil, v Vi 2
== > - — ]_[f] du(x) = Z[ v — Vi ]—[fj dp(x).
2 Jn fo h 2
ksl "kl
There is equality in (4.4) if and only if
ViV _g
fo h
Since it is known that each f; is strictly positive and each vy is positive, smooth and bounded for all time ¢ > 0, we therefore
conclude that the quantity &(t) is nondecreasing for all t>0. O

Proof of Theorem 2.3. For any nonnegative measurable function f;, 1<j<m, it seen that the functional ®(t) in (4.3) is
nondecreasing for all t> 0. Then, by the monotonicity property of ®(t), the quantity

mooa1
o) = [ T11) @0duco
]RH ]=1
is also nondecreasing. Indeed, taking time derivative of ®(t) as follows
<, m 1 8 m %
CDt:/ 7(7) "dp.
(®) ";pkfk atfk l}f] 2
= ]_
Setting v = log f as before, where f solves the heat equation, then
oL mo1y,
fy=e i 157 =A% and & f = Af= Av+ Vi,

Therefore

m m )
CT)/(t) = ‘/R" |:Z plk(Avk + |VUI<|2):|eZ“ pijujd,u
k=1
21
= — —Vy
/]R" ,;: Dk ¢

by using integration by parts. Rewriting the first term on the right hand side of the last equation as follows (since
-1
maxy p,’ < 1)

-1 2| v
+Zp—k|VUk| e>='
k=1

5 Lou] <5 Lo
— V| < — |V
k=1 Pk k=1 P

reveals that &/(t) > 0. Therefore

limsup &(t) < 11m 1nf<I>(t)
t—0

By Fatou’s lemma, we have

m 1 _
/ ]_[fjpj (x) < limsup ®(¢). (4.5)
B t—>0+
Indeed, there is equality in (4.5) since lim;_,¢ P; f = f. It then suffices to prove that
- m 1
liminf &) <[] (/]R fj) 7. (4.6)

j=1
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The proof of (4.6) can be made more rigorous but outline is given here. Now, observe that fj(t, x) depends on x; coordinate
not on x itself, then we have

fj(t7 Xj) = (47'[]_’)*% [l;nj e*\XJ*Z|2/4tfj(Z) dM(Z)
Notice that each f; above solves the heat equation with initial condition f;(0, x) = f;(x). It is then written

~m o n
Lj:] Pj

dw = @m0 [ T]( [ e @ du@)b dpeo,
j=1

Noting also that Z}":] pij = n. By rescaling argument, using u. (x) — € "v(%), € >0, (i.e., by making the change of variables
x =€y, dx = edy), we then have the transformation

- [T 2 lyj-z/ell? . W
O = oy /ﬂ(/e i@ du@) 7 duw).

Choosing a scaling factor €2 = 47t, by convolution property and Fubini’s theorem yield
m

lip_q)cigfd)(t) <J1 (/R Ifi@)] du(z))"lf An(e*ﬂllyl\z)%du@).

j=1

The claim (4.6) then follows immediately, since Z}L pij =1 by the hypothesis of the theorem and |;» eIyl dju(y) = 1 by
standard Gauss integral. O

5. Conclusion

This paper constructed two entropy monotonicity formulas through the heat flows. The entropy formulas are employed
to derive some functional and geometric inequalities. Specifically, it was shown that the first entropy monotonicity formula
constructed is intimately related to the concavity of the power of Shannon entropy and Fisher Information, from which
the associated logarithmic Sobolev inequality for probability measure is recovered. The second monotonicity formula con-
structed, with convolution and diffusion semigroup properties of the heat kernel, was used to establish the proof of the
multilinear Holder inequalities.

This study discovered that many functional and geometric inequalities can be retrieved as consequences of monotonicity
properties of heat flow entropies. This approach is more simplified than existing methods like rearrangement or using either
heat flow or entropy formula independently. This study will help analysts and mathematics users to uncover many other
important consequences of heat flow monotonicity. Thus a new theory on this subject may be arrived at.

A major challenge with the heat flow is that the heat equation needs to depend on all of the coordinates, i.e., the jth-
coordinate heat flow wants to depend on x; for all k. This poses some sort of difficulty in extending the method used in
this paper to Riemannian settting. An attempt to circumvent this is desirable.
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