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Abstract
The approximate analytical solutions of the radial Schrӧdinger equation have been obtained with a newly proposed potential
called Hellmann-generalized Morse potential. The potential is a superposition of Hellmann potential and generalized Morse or
Deng-Fan potential. The Hellmann-generalized Morse potential actually comprises of three different potentials which includes
Yukawa potential, Coulomb potential and Deng-Fan potential. The aim of combining these potentials is to have a wide application.
The energy eigenvalue and the corresponding wave function are calculated in a closed and compact form using the parametric
Nikiforov-Uvarov method. The energy equation for some potentials such as Deng-Fan, Rosen Morse, Morse, Hellmann, Yukawa
and Coulomb potentials have also been obtained by varying some potential parameters. Some numerical results have been
computed. We have plotted the behavior of the energy eigenvalues with different potential parameters and also reported on the
numerical result. Finally, we computed the variance and information energy for the Hellmann-generalized Morse potential.
© 2017 The Authors. Production and hosting by Elsevier B.V. on behalf of University of Kerbala. This is an open access article
under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Wave functions and their corresponding eigenvalues
give significant information in describing various
quantum systems. Thus, the exact and approximate
solutions of the Schr€odinger wave equation have a lot
of effects in the non-relativistic quantum mechanics
[1e4]. With the experimental verification of the
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Schr€odinger wave equation, researchers have devoted
much interest in solving the radial Schrӧdinger equa-
tion to obtain bound state solutions for some physical
potential models [5e10]. These potentials play
important roles in different fields of studies in physics
such as; plasma, solid state and atomic physics [11].
Some of these potentials include generalized Morse
potential [12], Yukawa potential [13], WoodeSaxon
potential [14], Hulth�en potential [15], Eckart potential
[16], Makorov potential [17], Hellmann potential [18].
These potentials have been studied with the
Schrӧdinger equation by different authors using
different methods [19e23], which includes asymptotic
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iteration method (AIM) [24e30], the supersymmetric
shape invariance method [31e36], the Nikiforov-
Uvarov (NU) method [1e8,21], the variational
method [37]. For instance, Ita [38] solved the
Schr€odinger equation with the Hellmann potential and
obtained the energy eigenvalues and the corresponding
wave functions using both 1/N expansion method and
the NU method. Kocak et al. [39] in their work solved
the Schr€odinger equation with the Hellmann potential
using the asymptotic iteration method and obtained
energy eigenvalues and the wave functions. Mesa et al.
[40] in their study, obtained bound state spectrum of
the Schrӧdinger equation with generalized Morse po-
tential and P€oschleTeller potential respectively. Arda
and Sever [41] solved one-dimensional Schr€odinger
equation for the generalized Morse potential with the
NU method and obtained the bound state solutions for
the effective mass for some diatomic molecules.
Similarly, Zhang et al. [12] solved any [ state solutions
of the Schr€odinger equation with the generalized
Morse potential using the basic concept of the super-
symmetric shape invariance formalism and the func-
tion analysis method. It is important to note that the
solutions of a combination of two or more of these
potentials give a significant result with diverse appli-
cations. For instance, Onate and Ojonubah [42] ob-
tained the solutions of the radial Schrӧdinger equation
with a combination of Coulomb potential, Yukawa
potential and inversely quadratic Yukawa potential
(class of Yukawa potentials) which has application in
plasma physics, solid state physics and atomic physics.
Awoga and Ikot [43] obtained the solutions of the
Schrӧdinger equation with generalized inverted hy-
perbolic potential. Onate et al. [44,45], obtained
analytical solutions of both Dirac equation and Klein
Gordon equation with HellmanneFrosteMusulin po-
tential (combination of Hellmann potential and Frost-
Musulin potential) and combined potential (combina-
tion of general ManningeRosen potential, hyperboli-
cal potential and PӧschleTeller potentials). The
HellmanneFrosteMusulin potential has application in
condense matter physics, atomic and molecular phys-
ics while the combined potential has application in
high energy physics, nuclear physics, atomic and mo-
lecular physics. Since the combination of two or more
potentials gives better result especially when a stabi-
lizing potential like the Yukawa is added, stability of
the nucleus is achieved and has been used extensively
in nuclear physics [46e50]. For instance, Hamzavi
et al. [47] applied the inversely quadratic Yukawa po-
tential and a tensor interaction term to the solutions of
the approximate spin and pseudospin symmetries of
the Dirac. Their results show that by applying the
tensor interaction term, the degeneracies between spin
and pseudospin state doublets were removed. The
addition of the Hellmann and the generalized Morse
potential model to the non-relativistic regime is lacking
in literature and so call for essential interest.

In this paper, we investigate the applicability of the
radial Schr€odinger equation with a combination of
Hellmann potential and generalized Morse or Deng-
Fan potential known as the Hellmann-generalized
Morse potential. This potential in a real sense, is a
combination of three potentials, i.e. Yukawa, Coulomb
and generalized Morse/Deng-Fan. The Hellmann-
generalized Morse potential is given as

VðrÞ ¼ De

"
1þ�aþ be�ar

rDe

� 2ðeare � 1Þ
ear � 1

þ
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whereDe is the dissociation energy, re is the equilibrium
bond length, a andb are the potential strengths and a is
the screening parameter. To obtain any [�state solu-
tions of the radial Schrӧdinger equation with potential
(1) analytically, a suitable approximation scheme must
be employed. In the present work, we considered the
following approximation type suggested by Greene and
Aldrich [51] and Dong et al. [52].

1

r2
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which is valid for a << 1.

2. Parametric Nikiforov-Uvarov method

The Nikiforov-Uvarov method is based on the so-
lution of a generalized second-order linear differential
equation with special orthogonal function [53].
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where sðsÞ and sðsÞ are polynomials of at most second
degree and tðsÞ is a first degree polynomial. The
Schrȍdinger equation

j
00 ðrÞ þ ½E�VðrÞ�jðrÞ ¼ 0 ð4Þ

can be solved by this method. To make the application
of this powerful method (Nikiforov-Uvarov method)
simpler and straight forward without checking the val-
idity of solution [54], we present a shortcut for the



Fig. 1. Hellmann-generalized Morse potential with De ¼ 0, a ¼ 2,

b ¼ 1, re ¼ 1 and a ¼ 0.2.
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method. At first, we write the general form of the
Schrȍdinger-like equation as [55e57].
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Following the parametric Nikiforov-Uvarov method
[53], we obtain the bound state energy condition as
[55].
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with the wave function as
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The parameters in (6) and (7) are deduce as follows
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To see the accuracy of the approximation, we
plotted the effective potential with three different
values of the angular momentum in Fig. 2.

3. Solution to the Schr€odinger equation

To obtain the solution of the Schrӧdinger-like
equation given in (3) with potential (1), we write the
radial Schr€odinger equation of the form [42].
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RðrÞ ¼ 0; ð9Þ

whereL ¼ l(lþ1), m is the particle mass, E is the non-
relativistic energy and V(r) is the interacting potential.
Substituting the Hellmann-generalized Morse potential
(1) and approximation (2) into (9), we have
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where c ¼ eare � 1. To use the parametric Nikiforov-
Uvarov method, we defined a variable of the form
s ¼ e�ar and substitute it into (10) to have
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Comparing (11) with (5), we obtain



Fig. 2. Effective potential Veff ¼ VðrÞ þ [ð[þ1Þ
r2 for three different values of angular momentum with De ¼ 5, a ¼ 2, b ¼ 1, re ¼ 1 and a ¼ 0.2.
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Now substituting the appropriate parametric con-
stants in (15) into (6) and (7), we obtain the energy
equation for the Hellmann-generalized Morse potential
as
En[ ¼ De þ La2Z2
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and the corresponding wave function as
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Using the normalization condition, we obtain the
normalization constant as follows:
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where
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Comparing (21) with the integral of the form
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We have the normalization constant as
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3.1. Special cases

i. The potential (1) can be reduced to other useful
potentials by varying the potential parameters
which also reduce the energy equation (16). When
the parameter a ¼ b ¼ 0, the potential (1) turns to
generalized Morse or Deng-Fan potential
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and the energy equation becomes
En[ ¼ De þ La2Z2
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ii. When the parameter De ¼ 0, the potential (1) re-
duces to Hellmann potential
VðrÞ ¼ �aþ be�ar

; ð28Þ
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and the energy equation (16) becomes
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When the parameters b ¼ De ¼ 0 and the screening
parameter approaches zero, potential (1) becomes
Coulomb potential

VðrÞ ¼ �a

r
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and the energy equation (16) becomes the energy levels
for pure Coulomb potential.
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iii. When a ¼ De ¼ 0, potential (1) becomes Yukawa
potential
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and the energy equation (16) becomes
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When the parameter a ¼ b ¼ 0 and c ¼ eare þ 1, the
potential (1) turns to Rosen Morse potential.

Similarly, when the parameter a ¼ b ¼ 0 and
c ¼ eare , the potential (1) turns to Morse potential.
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4. Variance under Hellmann-generalized Morse
potential

The variance VðrÞ is define as
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Fig. 3. Energy spectra of the Hellmann-generalized Morse potential again

Z ¼ m ¼ 1.
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The integral (34) can be evaluated using (25), and
the definitions (35), (36) and (37) in (34) leading to
(38)
4.1. Information energy

The information energy EðrÞ is given by

EðrÞ ¼ 4p
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Using (25), (35), (36) and (37) in (39), we have
st the screening parameter with De ¼ 5, a ¼ 2, b ¼ 1, re ¼ 1 and
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In Figs. 1 and 2, we plotted the Hellmann-
generalized Morse potential and effective potential
respectively. In Fig. 3, we graphically show the varia-
tion of Hellmann-generalized Morse potential with the
screening parameter. It can be seen that the energy
eigenvalues increases as the screening parameter in-
creases. In Figs. 4e7, we plotted energy for Hellmann-
generalized Morse, Rosen Morse, Morse and Deng-Fan
respectively with the reduced Planck constant. In
Table 1, we reported the energy eigenvalues (in units
m ¼ Z ¼ 1) of the Hellmann-generalized potential for
various orbital and angular momentum n and [ for
different values of the potential strength (a ¼ b ¼ 1,
a ¼ 2, b ¼ 1 and a ¼ 1, b ¼ 2) with a ¼ 0.2, De ¼ 5
and re ¼ 1. In Table 2, we obtained the energy ei-
genvalues for Deng-Fan potential, (i.e. a ¼ b ¼ 0),
Rosen Morse potential (a ¼ b ¼ 0 and c ¼ eare þ 1)
and Morse potential (a ¼ b ¼ 0 and c ¼ eare ) with
a ¼ 0.2, De ¼ 5 and re ¼ 10. These potentials are
Fig. 4. Energy spectra of the Hellmann-generalized Morse potential against

m ¼ 1.
physically alike. The numerical results obtained in
Table 2 showed an agreement between the potentials.
In Table 3, we numerically reported the energy ei-
genvalues of the Hellmann potential (De ¼ 0), Yukawa
potential (De ¼ a ¼ 0) and Coulomb potential
(De ¼ b ¼ 0). It can be seen that the numerical values
are in agreement.

5. Conclusion

In this paper, we obtained solutions of the
Schrӧdinger equation with a combination of three
different potentials (Coulomb potential, Yukawa po-
tential and generalized Morse of Deng-Fan potential)
which we called Hellmann-generalized Morse poten-
tial using parametric Nikiforov-Uvarov method. The
eigensolutions are obtained and numerical results are
presented for Hellmann-generalized Morse potential
and other useful potentials like the Deng-Fan, Rosen
the reduced Planck constantðZÞ with De ¼ 5, a ¼ 2, b ¼ 1, re ¼ 1 and



Fig. 5. Energy spectra of the Rosen Morse potential against the reduced Planck constantðZÞ with De ¼ 5, a ¼ b ¼ 0, c ¼ eare þ 1, re ¼ 1 and

m ¼ 1.

Fig. 6. Energy spectra of the Morse potential against the reduced Planck constantðZÞ with De ¼ 5, a ¼ b ¼ 0, c ¼ eare , re ¼ 1 and m ¼ 1.
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Fig. 7. Energy spectra of the Deng Fan potential against the reduced Planck constantðZÞ with De ¼ 5, a ¼ b ¼ 0, re ¼ 1 and m ¼ 1.
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Morse, Morse, Hellmann, Yukawa and Coulomb. It is
observed that when the Yukawa potential strength in
potential (1) equal to the dissociation energy and is
equal to zero as the screening parameter approaches
zero, the energy levels approaches the familiar pure
Table 1

Energy spectra for Hellmann-generalized Morse potential with

De ¼ 5, re¼1, a¼0.2 and m ¼ Z ¼ 1.

n [ En[

a ¼ b ¼ 1

En[

a ¼ 1, b ¼ 2

En[

a ¼ 2, b ¼ 1

0 1 0.3283679 0.4122219 0.4372743

3 0.7303891 0.8124575 0.4484402

5 1.4394427 1.5171254 1.1609905

1 1 1.1281301 1.2020894 0.8534265

3 1.5058288 1.5777102 1.2332089

5 2.1711869 2.2394080 1.9022374

2 1 1.8266046 1.8914471 1.5610569

3 2.1816981 2.2446049 1.9180913

5 2.8075646 2.8670601 2.5473785

3 1 2.4331146 2.4895386 2.1760214

3 2.7675157 2.8221329 2.5122341

5 3.3572067 3.4086383 3.1051194

4 1 2.9558225 3.0044568 2.7065523

3 3.2712255 3.3181701 3.0236496

5 3.8276804 3.8716445 3.5830929

5 1 3.4018994 3.4433118 3.1598821

3 3.6998101 3.7396393 3.4593800

5 4.2256426 4.2626783 3.9880135
Coulomb potential energy levels. We have also
computed the variance and information energy under
the Hellmann-generalized Morse potential. Our results
find applications where the component potentials are
useful.
Table 2

Energy spectra for Deng-Fan, Rosen Morse and Morse potentials with

De ¼ 5, re ¼ 10, a ¼ 0.2 and m ¼ Z ¼ 1.

n [ En[ for Deng-Fan

c ¼ eare � 1

En[ for Rosen Morse

c ¼ eare þ 1

En[ for Morse

c ¼ eare

0 1 0.4118458 0.3972941 0.4035778

3 0.6761791 0.6456389 0.6587868

5 1.1506835 1.0919517 1.1172266

1 1 1.0814890 1.0490430 1.0631015

3 1.3403530 1.2935065 1.3137654

5 1.8050517 1.7328494 1.7640483

2 1 1.6923995 1.6468213 1.6666170

3 1.9459609 1.8874933 1.9128553

5 2.4011521 2.3200271 2.3551954

3 1 2.2464333 2.1919159 2.2156472

3 2.4948514 2.4288831 2.4575748

5 2.9408204 2.8547634 2.8921782

4 1 2.7453587 2.6855672 2.7116524

3 2.9887860 2.9189135 2.9493799

5 3.4258060 3.3382908 3.3764452

5 1 3.1908614 3.1289708 3.1560336

3 3.4294440 3.3587773 3.3896677

5 3.8577764 3.7717972 3.8093859



Table 3

Energy spectra for Hellmann, Yukawa and Coulomb potentials with

a ¼ 0.001 and m ¼ Z ¼ 1.

n [ �En[ for Hellmann

a ¼ 2, b ¼ �1

�En[ for Yukawa

a ¼ 0, b ¼ �3

�En[ For Coulomb

a ¼ 3, b ¼ 0

0 1 1.1247501 1.1227501 1.1257501

3 0.2806251 0.2786251 0.2816251

5 0.1242501 0.1222501 0.1252501

1 1 0.5001674 0.4981674 0.5011674

3 0.1797808 0.1777808 0.1807808

5 0.0914929 0.0894193 0.0924193

2 1 0.2815640 0.2795640 0.2825640

3 0.1250020 0.1230020 0.1260020

5 0.0701116 0.0681116 0.0711116

3 1 0.1803826 0.1783826 0.1813826

3 0.0917288 0.0899729 0.0929729

5 0.0555040 0.0535040 0.0565040

4 1 0.1254207 0.1234207 0.1264207

3 0.0753653 0.0685365 0.0715365

5 0.0450561 0.0430561 0.0460561

5 1 0.0922811 0.0902811 0.0932811

3 0.0558407 0.0538407 0.0568407

5 0.0373268 0.0353267 0.0383267
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