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Using the concept of supersymmetric quantum mechanics, we find the relativistic and non-relativistic solutions for the 
inversely quadratic Yukawa potential. We first find the Hamiltonian of the corresponding Schrödinger equation and then 
using shape invariance approach we obtain the bound state solutions for both Klein-Gordon and Schrödinger equations and 
their corresponding eigen-functions. We obtained the solutions of these equations for angular momentum 0≠l  by using 

Pekeris approximation to overcome the orbital centrifugal barrier. 
 
 
 

1.     Introduction 

Supersymmetry is a mathematical symmetry that 
relates elementary particles of one spin to other 
particles which differ by half a unit of spin and are 
known as super-partners. The concept was first 
proposed in the context of hadronic physics by 
Hironari Miyazawa in 1966 whose work was 
ignored at that time [1-4]. In a theory with 
unbroken supersymmetry, for every type of boson, 
there exists a corresponding type of fermion with 
the same mass and internal quantum numbers and 
vice versa. However, there is no direct evidence for 
the existence of supersymmetry [5]. It is motivated 
by possible solutions to several theoretical 
problems since the super-partner of the Standard 
Model particles have not been observed. The 
supersymmetric partners which appear with masses 
much greater than 1 TeV are considered the most 
interesting by particle theorists.  

In the application, supersymmetry offers an 
extension to more familiar symmetries of quantum 
field theory. The mathematical structure of 
supersymmetry has subsequently been applied 
successfully to other areas of physics by Wess, 
Zumino and Abdus Salam. It remains a vital part of 
many proposed theories of physics. 

There is an increase in the study of both Klein-
Gordon and Dirac equations due to the physical 
importance of their exact solutions, especially of 
the relativistic equations for the study of systems 
under certain potentials such as Rosen-Morse, 
Coulomb, Pöschl-Teller, non-spherical harmonic 
oscillator, exponential-type potentials [6-13], and 
others.   In  these equations,  several authors equate 
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the scalar potential to vector potential and obtained 
the bound state solution for 0≠l  for certain typical 
potentials [14-16]. 

In this work, we attempt to study approximate 
solutions of Schrödinger and Klein-Gordon 
equations with an inversely quadratic Yukawa 
potential given by [17] 
 

re
r

V
rV α2

2
0)( −−=                         (1) 

 
Where, α  is the screening parameter and 0V  is the 

depth of the potential. To obtain the solution of 
above mentioned two equations for angular 
momentum 0≠l , we apply a suitable 
approximation type given by [18] 
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2.     The Klein-Gordon Equation with Scalar 
and Vector Potentials 

The Klein-Gordon equation is written as 
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A critical investigation by Alhaidari et al. [16], 
shows that VS ±= .  

Since VS ±= , the equation describes a scalar 
particle (spin-0 particle). This is the Schrödinger 
equation for the potential 2V in the non-relativistic 
limit. A conclusion was drawn by Alhaidari et al. 
that the only choice is VS += , which results into a 
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nontrivial non-relativistic limit with potential 
function 2V and not V [19]. Thus in the relativistic 
limit, the interaction potential becomes V instead 
of 2V and then we write our Klein-Gordon 
equation as 
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3.     Bound State Solution of the Klein-Gordon 
Equation 

The Klein-Gordon equation with scalar potential 
)(rS  and vector potential )(rV  [20,21] is given by 
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With Eqns. (1) and (2), Eqn. (5) becomes 
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Where we have made the following substitutions 
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Writing the ground-state wave function )(,0 rU l  

[22,23] as 
 

( )(r)drψrU l ∫−= exp)(,0                    (8) 

 
Where, )(rψ  is the supersymmetric super-

potential. Substituting Eqn. (8) into Eqn. (6), we 
have a second order differential equation in the 

form of Riccati equation, which is satisfied by the 
super-potential )(rψ , 
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Here, lE ,0 represents the ground-state energy, 

ρ and C  are two constants. 

The wave function related to the ground state is 
now obtained from the solution of the Riccati 
equation (Eqn. (9)) as 
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And 
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By using the super-potential function of Eqn. (16), 
the partner potentials of the inversely quadratic 
Yukawa potential for supersymmetry quantum 
mechanics are then given as 
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From Eqns. (13) and (14), we write 
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From Eqn. (15), the shape invariance condition is 
satisfied and the shape invariance holds via 
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mapping of the form [24-29] α2−→ CC . Now, 
consider our Eqn. (11), it is easy to write 
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Where, ,na nα= −ð  which on substitution gives 

the energy equation as  
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Now, let us obtain the non-relativistic limit by 
making a transformation as follows: 

2,
2

h

µ=+ ME ln  and lnln EME ,, =− . With these 

transformations, the non-relativistic limit on Eqn. 
(17) is obtain as 
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Now, we can obtain the corresponding un-
normalized wave functions via the standard 
function analysis method. Let us now define a new 

variable of the form rey α−=  and substituting it 

into Eqn. (6) results to the following second order 
differential equation 
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Now, from our transformation, we can write 
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  Eqn. (19) then reduces to a 

second-order homogeneous linear differential 
equation of the form  
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And consequently, the total radial wave function is 
obtained as 
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Fig.1: lnE ,  vs 0V  for 15.0,1 ==== αµ lh . 
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Fig.2: lnE ,  vs α for 10 =V , 1== hµ  and 0=l . 
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Fig.3: 0,nE vs )(rVIQY for 10 ==== µhVn . 
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Fig.4: 0nE vs approximation for 10 === Vhµ  and 

0=l . 

 
4.     Some Expectation Values for Inversely 

Quadratic Yukawa Potential 

We calculate some expectation values of this 
potential using Hellmann-Feynman theorem [30-
33]. If the Hamiltonian H  for a particular quantum 
system is a function of the parameter0V , then 

taking the energy eigen-values as )( 0, VE ln  and the 

eigen-functions as )( 0, VU ln  of the Hamiltonian, 

we can easily write from the HFT 
 

〉
∂

∂
〈=

∂
∂

)(
)(

)(
)(

0,
0

0
0,

0

0, VU
V

VH
VU

V

VE
lnln

ln      (24) 

 
Where the effective Hamiltonian is given by 
 

2

2
0

2

2

2

22 )1(

22 r

eV

r

ll

dr

d
H

rα

µµ

−
−++= hh

        (25) 

 
Then, we obtain 
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5.     Conclusion 

We have obtained the energy eigenvalue equation 
for Klein-Gordon equation and its non-relativistic 
limit (Schrödinger equation) using SUSY QM 
formalism and methodology for angular 
momentum 0≠l  using a suitable approximation 
scheme. We have also obtained the corresponding 
eigen-function as well as the expectation value.  
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