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By using a suitable approximation scheme for otlmiéatrifugal term, we have studied the analytgalutions of both
the D.K.P. equation and the Klein-Gordon equatidth Wellmann potential in the framework of superrsyetric approach.
In order to test the accuracy of our results, wiaiolked the non-relativistic limit of the energy atjon for the Klein-Gordon
equation with potentiaV . We also obtained the solution of the Schrédingguation via the Formula method recently
proposed by Falaye et al. We numerically obtaineergy eigenvalues and compared our result withréisalts of other
methods. The behavior of energy in the first, sdcamd third state with the screening parametestaidied graphically.

1. Introduction

There has been a growing interest in investigating
the analytical solutions of the wave equation for
some physical potential models. This is due to the
fact that the analytical solutions encompass &l th
necessary information for the quantum system.
Motivated by two particles system interacting
through a combination of similar potentials, we
attempt to investigate the attractive Coulomb
potential and Yukawa potential known as
Hellmann potential under the D.K.P. equation and

the Klein-Gordon equation. The Hellmann
potential is given as
-a
v(n=-24+2 ®
r r

This potential has received considerable intei@st f
several years. In the Hellmann potential (Eqgn.,(1))
parametersa and b characterize the strength of
Coulomb potential and Yukawa potential,
respectively,d is the screening parameter anid
the distance between the two particles. The
Hellmann potential found its applications in the
field of atomic and condensed matter Physics like
electron-core  [1,2], electron-ion inner-shell
ionization problem, alkali hydride molecules, and
solid state Physics.

The D.K.P. equation describes spin-0 and spin-
1 particles and has been used to analyzewela

"onatecal2@gmx.us

istic interactions of spin-0 and spin-1 hadrons [3]
It is a direct generalization of Dirac particles of
integer spin in which one replaces the gamma
matrices by beta matrices, but satisfying a more
complicated algebra as D.K.P. algebra [3-8].

The Klein-Gordon equation for a free particle
has simple plane wave solution [9]. This equation
is similar to but cannot be straight forwardly
interpreted as the Schrddinger equation for a
guantum state because it is second-order in time
and do not admit a positive definite conserved
probability density. However, Alhaidari et al. [10]
pointed out that one can produced a non-relativisti
limit with potential function V(r) instead of 2\)(r
from the relativistic Klein-Gordon equation under
the condition of equal vector and scalar potentials
(V(r) and S(r)) [11]. Generally, the Klein-Gordon
equation does describe the quantum amplitude for
finding a point particle in various places.

The purpose of this work is three-fold. First, we
solve the D.K.P. equation with the Hellmann
potential and obtained the approximate solution by
applying a suitable approximation scheme to
centrifugal barrier. It is understood that the ol
of D.K.P. is limited to some potentials due to the

square of potential termU?)in the equation.

Second, we obtain Eigen solutions of the Klein-
Gordon equation whose potential function in the
non-relativistic limit isV [12]. Third, we obtain
the solution of the Schrddinger equation with
Hellmann potential using Formula method.

Our work is organized as follows. In Sec. 2, we
obtain eigen-solutions of D.K.P. and Klein-Gordon
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equations. In Sec. 3, we obtain the non-relativisti
limit, the solution of the Schrédinger equation via

the Formula method and relevant numerical results.

In Sec. 4, we give the concluding remark.

2.  Bound State Solutions of D.K.P. Equation

The D.K.P. equation with enerdy, total angular
J(J+1)

momentum centrifugal ter=—— and the mass
r
of the particlem is given as [13]

d?  J(JI+1)

o -m* +(E-U,)* |Fy, (=0 (2)

Due to the total angular momentum centrifugal
term, Eqn. (2) cannot be solved approximately for
J # 0 state. Therefore, we shall employ the Pakeris
approximation and Greene-Aldrich approximation
[14,15] in order to deal with this centrifugal barr

It is found that the following approximation

1 &
2 (-ed)? ©

is a good approximation to centrifugal term
L0+

r2

. Substituting Eqns. (1) and (3) into Eqgn.

(2), we have
d’F., (r) et Qe
— Mg+ 22 + 238 F.(r)=0
dr? Yl-ed (1-e¥)? o ()
(4)
Where,

A, =EZ -m?-J(J+1)d%+ad(ad +2E,,)
A, =3(a-h)[d(a+b)+2E, |- I(J +1)52
A, =bod?(b-2a) - J(J +1)0?

In order to solve Eqn. (4) using the
methodologies of super-symmetric quantum
mechanics and shape invariant technique
[16,17,18], the super-potentiaV/(r) must be the

first ingredient we should search for. Our super-
potential is given by

W(r)=a+pl-e*)" (®)
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The above super-potential is related to the ground
state wave function as [19,20]

F,. (1) =exp(-JW(r)dr) (6)

In this bound state solution, the radial part af th
wave function must satisfy the conditions that
F.,(r)/r becomes zero as » « andF_ ,(r)/r

is finite atr =0. Relating Eqn. (4) to a non-linear
Riccati equation of the form [21,22]

d*F, (r) :Wz(r)_dW(f)
dr? dr

(7)
the following identities are obtained
a®=m?*-E2 +J(J+1)0° -ad(ad+2E,) (8)

B =-b(bd-2a)+(J+1)5 )

oo ~d(a-b)[d(a+b)+2E,, |+ I(I +1)8?% - B2

2p
(10)

With the help of the super-potential function of

Egn. (5), a pair of super-symmetric partner
potentials Ui(r)=W2(r)t% can be
r

constructed as
U.(nN=a’+20p@1-e%)"+p*1+e")1-e")7
-B(B+o)L+e ) et
(11)
U_(r)=a?+2aB0-e%) + [ l+e?)1-e9)2
-B(B+O)1+e¥)2e”
(12)

Egns. (11) and (12) are related by the following
formula

U (r.a,)=U_(r,a,)+R(&) (13)
Where, a, = and a, is a function ofa, i.e.,
a, = f(a,) =a, -0 and the residual ternk(a,)

is independent of the variable,r [29].
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_ .2 2 _ .2 2
R(ai)=[ /]22 aoj —( A al) . For shape
a 2a,

invariant potentiall _(r), its energy spectrum can

approximately be determined by employing the
following super-symmetric WKB quantization
condition [23] given as

[VAD -W2(nydr =nz, n=012.. (14)

Where, r; and r_ are two turning points that can
be obtained by the equatidfy) ~-W?(r) =0. With
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the super-symmetric quantum mechanics and the
standard WKB approximation method, Comtet et
al. proposed the lowest order super-symmetric
WKB quantization condition, which can determine
the energy spectra for the shape-invariant
potentials. Considering the super-potential functio
W(r) of Eqgn. (5), the super-symmetric WKB
guantization condition Eqn. (14) can further be
written as follows:

2
a0 | [de | A
n 1nJ 25 2/13 52 (1_ e"i )

From the shape formalism, the following
equation is deduced from Eqns. (12) and (13)

2 _/]1 B arf i
a?=| 2" (16)
2a

n

2
1 A
1- -2 dr =nrmr 15
( 1—e“5’] 1—e“i] (19)

Where, a, =a,-nd and a,=pfasf - f-0.
Substituting the values a?, A, , anda, into Eqn.

(16), the approximate energy equation for the DKP
can be obtained as

(M +E,)(M -E,,)+3[3(J +1)J-a(ad+2E,, )]

| (a-b)[d(a+b)+2E, |- I(I +1)5-|b(bo-2a) + n+J +1]? ?
- 2b(bd-2a) +n+J +1|

In order to obtain the wave function, we define a

variable of the forms=e™¥ and substitute it into
Eqgn. (4) to have

sznJ (S) +1anJ (5)+V+p5+/752

F..(s)=0
ds2 s ds s?(1-s)? w ()

(18)
Where,

EZ -M? 2E
y:—”JJ2 +a(a+—5nJ ]—J(J +1)

2E, 2
p=-ala+20) - (@+b) - (E}, -M”)

17

and

E5-M? , 2bEy

+b?
0? o

/7 =
Analyzing the asymptotic behavior of Eqn. (18)
at origin and at infinity ¢ - 0(s-1) and
r - oo(s » 0)), Eqn. (18) has a solution
I:nJ (S) =s* (1_ S){U nJ (S) (19)
EZ -M? 2E,,
———+a a+
o° o

and, £ = \/J(J +1)0-b(bd-2a) . With £ and &,
Eqgn. (19) is written in the form:

Where,sz\/ ]—J(J +1),
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U'(s)+U'(s)

e+ -s(2e+&+1)

s(-s)

which, gives the total radial wave function as

Fry ()= Nye ™™ (=) U, (-nn+2(e +4),

2¢+1e7) (21)

2.1. Bound state solutions of the Klein-

Gordon equation

The Klein-Gordon equation with scalar and vector
potential is written as

(1) _
r2 :|Rné (r) 0

r.2

Lj' ~(E-V()? +(M +S(r))’

(22a)

In order to obtain the non-relativistic limit and
to compare our results with the results of other
method, we write the Klein-Gordon equation
whose non-relativistic limit has potentidlinstead
of 2V. Therefore, Eqn. (22a) is re-written as

[d_z_[e-%vmj +[M +%s(r)j —““”}Rnf(r)w

dr? r2

(22b)

Substituting  potential (Egqn. (1)) and
approximation (Eqg. (3)) into Eqgn. (22b) and using
the same procedure to obtain energy equation for
DKP equation, the energy equation for the Klein-
Gordon equation is obtained as

(M -E, )M +E,)+ad(M +E,) - (({+1)5*

(M +E,,)(a=b) ?

_ E —0(0+1) - (n+0+1)?

2(n+/+1) (23)

500

(20)

y (){wﬂ o
s(l-s)

3. Non-relativistic Limit

In this section, we consider the non-relativistic
limit of Egn. (23). Considering a transformation of

the form: M +E,, -2 and M -E,, =-En/

h2
and substitute it into Eqn. (23), we have the non-
relativistic energy equation as

_ (e +D3%?
2u

ad

n/

2

2H@D) vy~ (n+ 0 +1)°

)
2u 2(n+/(+1

o%n?

(24)
and, the corresponding wave function as
R,(Z)=Nz°@1-2)?,F,(-n,n+2e+2d;2e+1,2)

(25)
3.1. Bound state solution of Schrédinger

equation using formula method

In this section, we obtain a solution of the
Schrddinger equation with the Hellmann potential
via the formula method recently proposed by
Falaye et al. [24]. Given the Schrédinger-like
equation, including the centrifugal barrier, in the
presence of any physical potential in the form

As® +Bs+C
— 5 W(E)=0

(26)

" ky —kps .
e s(l-s) v s?(1-s)

The energy eigen-values and the corresponding
wave function can now be obtain via the following
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2

2
1-2n 1
k2 - k2 { (ke =l o) —4A)}
3

ke - 5 =0 (27)
1-2n 1
2 ——(k ~Jks -k 2—4A)
|: 2 2k3 2 ( 3 2)
Ww(s)=N,,s“ L-k,9)' Fl(— n,n+2(k, +k;) +% - 12k, +k,, k3sj (28)
3

respectively, where

K = @-k,)+4(@-k)*-4C
“ 2 d’R, (2 . 4-2 4R, (2
dz* z1-2) dz

r - z through the mapping function=e™* , we
obtain

— 1 + kl k2
e
2 2 % +{(n ~ el ~1,) + (28] +1, - 21,)2+ (€5, ~1,)7
2 22 1_ z 2
ik k) _A_B__ a-2
2 2 2k, k2 k,
(29) (32)
i i odi i 2 _ 2UE,, _2a —
Given the radial Schrédinger equation Whereg? =_[- I. = 7, =0(¢ +1)
n/ thz ' 1 &12 ’ 2 ’
d’Rr,,(r) 2 2u(a-b . .
T‘é()+—/j(EM -V (r))RM(r)=0 (30) T, :%. Comparing Eqn. (24) with Eqgn.
(30), we have the followind;, =k, =k, =1,
Where 1 5
K, =T, T, +&, . k5=5(1+1/(1+2€) +r1).
v, ()=-2+ be™ LA +)n? (31) Substituting the values of the above parameteos int
eff - 2 .
r r 2ur Eqgn. (25), we have energy equation as

Substituting Eqns. (3) and (29) into Eqn. (27)
and introducing an appropriate change of variables

232 Zﬂ(a—b)_f(g"'l)
_O0°h 21 M2
= () -—- —S(n+ 0+ (33)
2u o’ 2(n+/7+17) 2

The corresponding wave function is obtained using
Eqn. (28)

1(1+,/ (1+2£)2+r1)

R,(2)=N_ 2\ (1 - 7)2 F.(-n,n+2(/1, -1, +&,,)

(34)

s @r 2 e 2T, -1 v e,) +12)
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4. Discussion

In Table 1, we show the energy eigen-values of the
Hellmann potential with D.K.P. equation for
various values of n and J. In Table 2, we show
energy eigen-values of the Hellmann potential for
the Klein-Gordon energy equation for 1s, 2s, 2p,
3s, 3p, 3d, 4s, 4p, 4d and 4f states with1and
a=2b. In Table 3, we report the energy eigen-
values in the non-relativistic limit for Hellmann
potential and compare these results with the result
obtained using the Nikiforov-Uvarov method and
the Amplitude Phase method.

To see the similarity between the two potential
strengths, we plot the variation of energy with
andb in Fig. 1(a) and 1(b), respectively. In Fig. 2,
we plot energy of the Hellmann potential with the
screening parameter.

Table 1: Energy spectrumtg,; in MeV) of the
D.K P. equation withb=-1,a=-2b,d = 65x10"
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Table 2: Energy spectrum for the Klein-Gordon
Equation withb=1a=2b,0=65x10" andM =

andm= 938MeV.

- EnJ

En.]

867.4439796
845.4685995
812.8365099
762.3703438

862.5842894
840.8191045
808.4892471
758.4671998

845.4681948
812.8357314
762.3692485
681.2617671

840.8186998
808.4884686
758.4661045
678.0129981

812.8353419
762.3685183
681.2606920
548.2163523

808.4880791
758.4653743
678.0120192
545.8827081

WNPFPOWNRFPOWNREFPOWNPEF Ol &

762.3681532
681.2600392
548.2155644
337.3671953

758.4650092
678.0113664
545.8819202
336.0793087

938MeV.
State E, E,
1s -937.9998670 -640.8498056
2s -937.9994681 -131.7728669
2p -937.9983544 -131.2790568
3s -937.9988029 242.8675761
3p -937.9977628 243.1887170
3d -937.9953298 243.8306458
4s -937.9978718 472.2251748
4p -937.9968574 472.4405866
4d -937.9946301 472.8712117
Af -937.9907937 473.5166539
0 22" SSs
S RS
2l J e ,/' \\\‘
v AN \\
/ ,’ \\ ~
4 ’/ / NN
= K NN
w ll ————— n=1 \\
6 ;| m——— n=2 \
/ \
8 II n=3 \\\7
\
\
-10 . . .
-20 -10 0 10 20

b

Fig.1(a): Variation of energy with the potentialestgthb
forn=¢=2u=1,0=001anda=4u.

0 =
=z R
/':;’ \\:~s
P2 ~
4 NN
-2 ‘ /
’ NN,
’ 4 A
7 N
A \ N,
-4 ’ ,/ AN AN
= /, \\ *
w L R n=1 A
-6 / - \\\
¢ | mm—— n=2 \‘
8 n=3 \
210 . . .
-20 -10 0 10 20

a

Fig.1(b): Variation of energy with the potentialestgth
afor h=¢=24=16=001andb=2u.
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Table 3: Comparison of energy spectrum from SUSKift\ov-Uvarov (N.U) and Amplitude Phase method
with a=b=2u=1anda=4u.
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~~~~~
~

-500

Enl

-1000
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-
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~-—
~
~

-~
~<

-1500
0

6

Fig.2: Variation of energy of the Hellmann potehtigth
the screening parametér for y=¢=2uy=b=1 and

a=2b.

10

5. Conclusion

In this work, we reported approximate solutions of
the D.K.P. and Klein-Gordon equation with

15

n [ State o Present N.U A.P
0.001 | -0.251 500 -0.251 500 -0.250 969
0 0 1s 0.005 | -0.257 506 -0.257 506 -0.254 933
0.010 | -0.265 025 -0.265 025 -0.259 823
0.001 | -0.064 001 -0.064 001 -0.063 243
1 0 2s 0.005 | -0.070 025 -0.070 025 -0.067 106
0.010 | -0.077 600 -0.077 600 -0.071 689
0.001 | -0.063 750 -0.064 000 -0.063 495
0 1 2p 0.005 | -0.068 756 -0.070 000 -0.067 377
0.010 | -0.075 025 -0.077 500 -0.072 020
0.001 | -0.029 280 -0.029 280 -0.028 283
2 0 3s 0.005 | -0.035 334 -0.035 334 -0.031 993
0.010 | -0.043 003 -0.043 003 -0.036 142
0.001 | -0.029 169 -0.029 279 -0.028 765
1 1 3p 0.005 | -0.034 756 -0.035 309 -0.032 480
0.010 | -0.041 803 -0.042 903 -0.036 142
0.001 | -0.028 945 -0.029 388 -0.028 767
0 2 3d 0.005 | -0.033617 -0.035 817 -0.032 526
0.010 | -0.039 469 -0.043 825 -0.036 613
0.001 | -0.017 129 -0.029 280 -0.016 601
3 0 4s 0.005 | -0.023 225 -0.035 334 -0.020 077
0.010 | -0.031 025 -0.043 003 -0.023 551
0.001 | -0.017 066 -0.017 128 -0.016 602
2 1 4p 0.005 | -0.022 889 -0.023 200 -0.020 098
0.010 | -0.030 306 -0.030 925 -0.023 641
0.001 | -0.016 939 -0.017 189 -0.016 604
1 2 4d 0.005 | -0.022 227 -0.023 464 -0.020 098
0.010 | -0.028 906 -0.031 356 -0.023 641
0.001 | -0.016 750 -0.017 311 -0.016 607
0 3 4f 0.005 | -0.021 257 -0.024 024 -0.020 142
0.010 | -0.026 900 -0.032 356 -0.024 056
0 S Hellmann potential. It is seen from Tables 2(a) and

2(b) that numerical results by the present method
are in excellent agreement with the previous result
of other two methods. We deduced from the
numerical results in Table 2 that the energy is les
negative as the angular quantum number increases.
It is also deduced in Fig. 1 that the two potential
strengths have the same effect on the energy
bahvior. It is deduced that Eqn. (24) is as EqR).(3
This confirms the accuracy of our method and
results.
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