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Abstract-- This paper investigate the exact solution of an
inverse eigenvalue problem (IEP) on a certain Hamiltonian
symmetric matrices namely singular symmetric matrices of
rank 1 and non-singular symmetric matrices in the
neighborhood of the first type of matrices via the Newton’s
iterative method.
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I. INTRODUCTION

Various theoretical results on the solvability of the
inverse eigenvalue problem for Hamilton matrices together
with numerical examples are systematically reviewed and
discussed in respect of the inverse eigenvalue problems for
certain singular and non-singular Hamilton matrices in
Oduro et al (2012),0duro (2012a, b), Baah Gyamfi (2012)
as well as Oladejo et.al (2014) and (2015).This paper
investigate and established the exact solution of an inverse
eigenvalue problem (IEP) on a certain Hamilton matrices
consist of both singular and non-singular symmetric
matrices of rank 1 via Newton’s iterative method.

Linear-quadratic optimal control system

Throughout this paper we define our notation as follows:
We let

AcR™ BeR"™ QeR™:Q=0Q" >0
ReR™:R=R" >0

Where Q is a symmetric positive semi definite matrix

and

and R is a symmetric positive definite matrix
We find the linear- quadratic optimal control for the
functional:

I, () = | t% k) Qx@® +u® Ru®kt ()

Subject to differential equation

X (t) = Ax(t) + But),t e[t t ] xt) =% (2)
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Constructing the Hamiltonian equation from equation (1)
and (2) yields:

H(p,x,u,t)=%[XTQX+UTRU]+ p'[Ax+Bu] (3)

Given any optimal input U, and the corresponding state
X

aﬁ—H(p. ®),x. (). (1)) =0
u
=u,(t)'R+p,(t)'B=0
Thus: U, (t) =—R™B" p, ()

and the adjoint equation yields:

5)

oH '
{g(p. ).k (t),U.(t),t)}

= (x.OTQ+p.® A =—p.@).teft.t,]

p.(t)=0  (6)
Thus;

p.(t) = AT p. (1) - Qx.(t).t € [ty t,] p. (1) = 0 (7)

Consequently;
d[x.®] | A —BR'B" [ x.(1)
E[p. (t)} _[—Q —A }[p.(t)}
teltot,)x.(t) =x,p.(t.) =0 (8)
Equation (8) is then a linear, time variant differential
equation in (X,, p.
2nx2n

Inverse Eigenvalue-Problem for

symmetric matrix of rank 1
Consider the following singular symmetric matrix of
order 4x 4 when N =2

singular
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Ilustrati
a;; &, 83 8y us.ra on
N a, a, 8, a, Giventhat A =30,k; =2,k, =3k, =4b =
- 1 2 3 4
d3; 83 833 8y > 4 6 8
Ay Ay Q43 dyy A=

3 6 9 12
We assume that the singularity is due to the row 4 8 12 16

dependence relations specified below:
Hence, matrix A isa 4 x4 singular symmetric matrix

Ri+1 = ki Rl which has been reconstructed from the given nonzero
k. _k —k —k eigenvalue and the prescribed dependence relation

= aZl - lall' a22 - la12’ a'23 - lalS’ a24 - 1al4 parameters,
a5, =K,a,; 85, =K,a,,,a5; =K,a,5, 85, =k,a,, Inverse Eigenvalue Problem for a non-singular 4x4

symmetric matrix- Newton’s method

We construct a characteristic (Polynomial) function of
the diagonal elements of the matrix

= k3all; ay, = k3a12' Ay3 = k3a131 Ay = k3a14

= a,, =k (a;,) =k, (a,) = k12a11
a5 =Ky (a13) =K, (851) =kik,ay, A=
4, &, a; a, T A a, CH 8y
a,, = k2 (als) _ kz (a31) _ k22a11 8y 8p Ay Ay _ 8 8y - 8y 8y
Ay dyp 8y Ay Ay Ay Ag3~ A Ay
Ay, =K, (ay4) =k, (a41) =K, kzay, 8, , 8 a, ay, ay, 8; a4,/

A = ks (a14) = ks (a41) = k32a11

Qy, = kl (a14) = kl (a41) = klksan

In other words, consider the function with independent

Thus: variables defined on 4 selected elements of matrix A,
a, a, a; a, 1k kK precisely, the diagonal elements:
2
Ay 8y Ay Ay kT kk, kk, f(a,,8,,,a5,8,,)= A% —(trA)A +det A

A=
Thus, given four distinct eigenvalues A;, 4,, 45,4, we

have the following four (4) functions with 4 independent
variables being the diagonal element of A

k
= 2
dy 8y A3 Ay kz klkz kz kzks
dy 8y, Q3 ay k

To solve the inverse eigenvalue problem (IEP) we use

the given nonzero eigenvalue as follows f.(ay,, 8y, 845,8,,) =
tr(A)=A4A= 8.11(1+ klz + k22 + k32) A1 = (B + 8y + 8gg + 84, ) A1 + (81485, + 8y5855 + 81,8y,

A T Qyp833 T 8yp84, + 8338, + 854843 + a12a21)/121 - (a11a22a'33 +
all a11a21a44 + a11a33a44 + a11a33a43 + a‘22a‘33a44 + a‘lla34a‘43 -

= 2 2 2
1+Kk,” +k,” +Kk;
1 k k k
! 2 3 = Q185,853,853 — ,8,,8338,4 — 81,8,,83,8,3 T A138,,3,84, —
1 |k k° kk, kk
A= 1 1 172 173 Q138518348 — A1485;84383; + 81485845843
- 2
tr(A) |k, kk, k,° Kk,
2
k, kK, Kk, Kk,

a12a21a33 - a12a21a44 - a13a21a32 + a14a21a42)/11 + a11322“5133a44
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fz (all' Ay,, 33, 8.44) =

4 3
ﬂ‘ 2= (all + a22 + a33 + a44)/’l 2+ (a11a22 + alla33 + a11a44
2
+ a22a33 + a22a44 + a33a44 + a'34a'43 + 3-12321)/1 2= (a11a22a33
+ alla21a44 + a11a'33a'44 + a11a33a43 + a'22a33a44 + a'1la'34a'43 -

Q38518348 —814,85,8,385, T 8485,8,,85;
fs (auv 857,853, a44) =

Ay - (all Tayptagt a44)ﬂ'33 + (auazz +8y,833 18,8y T 885
T 88y, + 8338y T 83,853+ 312321)123 - (3-113-223-33 + 83,8518,

F 8183384 + 811833843 + 8983584 + 81183,843 — 85851833 —
818,184 — 8138585, + 3-14321342)/13 + 8185783384 — 81187,85,8y3
~ 8y,89,8338y4 — 8158783483 + 8138518358, — 813858343y, —

8;487184385, +8;487,8,5853
f4 (aw 855,855, a44) =

AR (au Ty tant a44)/134 + (anazz + 8,853 858y, + 8,83
+ 898, 8338, T 83,8+ a12a21)/124 - (anazzass +8,8,,8,,

+ 818338 T 81183383 + 85583584 + 8185485 — 1585855 —
817871844 — 8138585, + a14a21a42)/14 + 818998338 — 811879834843
— 85885584 88785483 + 8138185,844 — 1385185,y —
81489184383, + 8148184583,

Derivation of an Explicit Formula for the Jacobian in the 4
X 4 case

of 3 2
— =11+ 1(322 tagt a44)_ /11(a22333 tagdy, t a22a44)

of 3 2
— =L+ 1(311 tagt a44)_ ﬂ’l(alla33 ta5,8,, 1 a11a44)

a;,8,,833 — A1,85,8y, —81385,83, T 3-143213-42)12 +8,,8,,8338,,
= 84185783483 — 8158518338, — A1,8,,83,8,3 + 838,,83,8,4 —
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o
0dg,
o,

0y,

of,

oa,
of,

0a,,

of,

0y,

-afz

0a,,

0a,,

of

0dy,

3 2
A1+ 4 1(a11 +ay,+ a44)_ A‘l(alla’ZZ +aga,, + a11a44)

3 2
=-1T1+2 1(3-11 +a, t a33)_ )I'l(allazz +8,85; + alla33)

3 2
=-A2+4 2(azz +agt a44)_ /12 (azzass +agay, + a22a44)

3 2
L2+ 4% (all +ag+ a44)_ /12 (allaSS +a538,, t a118-44)

3 2
A2+ 4% (an +ay,+ a44)_ /12 (a11a22 +aya,, t ana44)

3 2
A2+ 1% (an +ay, + ass)_ /12 (anazz 85,853 + a11a33)

==+ /123(6122 tag+ a44)_ %(azzass F gy, + a22a44)

3 2
A3+ A 3(a11 +ag+ a44)_ 13 (311333 +agay, + a11344)

~As + 123(‘311 tayt a44)_ /13(a11322 + a8y, + a11a44)

3 2
=-As+2 3(3-11 +ay, + 8-33)_ /13 (3-113-22 85,853 + a11a33)

3 2
=-A4s+4 4(322 +agt a44)_ /14 (azzass +aga, t a-22‘5144)

3 2
=-La+ A (an +agt a-44)_ /14 (auass T agay, t aua44)

3 2
=—Aa+ 24 (au +ay,+ a-44)_ /14 (3-113-22 +aya,, + a113-44)



of, of, of, of
oa,, 0a,, O0Oas; 0a,,
of, of, of, of,
J= oa,, 0a,, Oaz; 0Oa,,
of, of, of, )
oa;, oa,, Oas; Oay,,
of, of, of, of,
| 0a,, OJa,, OJa,, Oda,, |
[P+ Filay+ag+a,)- —Ai+ e vag+a,)- —Fir A va,va,)- A+ Ay +ay,+ag)- |
Aot ad,tad,)  Alastadutan,) AR, taRtady) ARy, +anl+ady)
~ Bt Ba(a, +agta,)- Ao+ Aala,rag+a,)- - Lot Falata,+a,)- A+ Aa(a, +a,+ay,)-
j'2(a22a33 + a33a44 + a22a44) j?(aila(‘):i + a33a44 + a11a44) ﬂ'z(ailaZZ + a22a44 + a11a44) ﬂ'z(allaZZ + a22a33 + a11a33)
B+ 123(a22 tayt a44)_ ~Fs+ 223(311 Tyt a44)_ ~ B+ 123(311 tayt a44)_ ~Fst 123(311 tayt aes)_
i&(aﬂa% + a33a44 + a22a44) /13(3'113‘33 + a33a'44 + a11a44) j’i(allazz + a‘lla44 + a22a'44) ﬂ@(aﬂa% + alla'ZZ + a11a33)
~ Bt Palaytag+a,)- Lo+ Lula,+agra,)- Lot ol ta,+a,)- A+ L, +a,+ay,)-
_14(3.22&33 + a33a44 + a22a44) /14(a'lla33 + a33a44 + a‘lla44) 14(a11a22 + a22a44 + a11a44) 1’4(a11a22 + aZZaGS + a’lla33) i
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Consider the nonsingular symmetric
Coefficient matrix of the system:

f(X®)= {_66}

Using the formula for the inverse of the Jacobian matrix,

we have:
1 |:a22_j“1 all_j“l:|
(ﬂ’l -4, )(azz _all) ay—A, a;-4,
-2 1[-2
5| 12| 1

into the Newton’s

X, = ay X +2X,
X, = 2%, +4a,,X,
Jt=

Given the eigenvalues 4, =—1, 4, =3
i.e., given a target solution of the form

3=

_ -t 3t
x=cue™ +c,ve

-2

5
12 Lo |1

Assuming the initializing matrix 5 4 XV =

1 -2
(21 _12 Xazz o a‘ll){ 1

Substitute the values
equation. i.e.

X (D) — y () _Jfl(x(n))i(x(n))

iterative

4
Moreover, A is singular with k = 2,a,, =1
Also A =trA® =5

We first compute the values of the functions at the initial
point:

fl (a'n’ a22)= A’lz - (a11 +a,, )/11 + (anazz - aizz)
=1-5-1)+0=6

fz (a111 azz)= 122 - (ail +a,, )ﬂvz + (a11a22 - 3122)

—9-5(3)+0=-6

Then:
XO = x© _Jfl(x(O))f(X(O))

4l 2T
LM e 6
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=

o] 2

Hence, we obtain the (exact) solution.

I1l.  CONCLUSION

Theoretical results on the solvability of the inverse
eigenvalue problem for Hamilton matrices was
systematically reviewed and discussed in respect of the
inverse eigenvalue problems (IEP) for certain singular and
non-singular Hermitian matrices. Base on this we have
successfully investigate and established the exact solution
of an inverse eigenvalue problem (IEP) on a certain
Hermiltian matrices consist of both singular and non-
singular symmetric matrices of rank 1 via Newton’s
iterative method.
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