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Abstract-- This paper deals with derivation of an explicit
function in a non-singular Hamilton symmetric matrices of
Rank 1 via linear quadratics inverse eigenvalue problem
(LQIEP in the neighborhood of the first type of Hamilton
matrices through numerical illustration and examples.
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I. INTRODUCTION

Various solvability and solubility of the inverse eigenvalue
problem for Hamilton matrices together with numerical
examples are systematically reviewed under certain
singular and non-singular Hamilton matrices by Oduro et al
(2012) and Oduro (2012a, b),Baah Gyamfi (2013) as well
as Oladejo et al (2014) and Oladejo et.al (2015).This paper
deals with derivation of an explicit function in a non-
singular Hamilton symmetric matrices of Rank 1 via linear
quadratics inverse eigenvalue problem (LQIEP in the
neighborhood of the first type of Hamilton matrices
through numerical illustration and examples.

The linear-quadratic optimal control (LQOC)

Given that
AcR™ ™ BeR"™ QeR™:Q=Q" >0 and
ReR™:R=R" >0 we consider the linear-

quadratic optimal control (LQOC) for the functional;

h(@zl?%hﬁfQMO+uafRMUht 1)
Subject to differential equation

x(t) = Ax(t)+Bu@).teft t, ] xt) =%  (2)

Then the Hamiltonian function is given by:

pxs)=ansumle Al @
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Given any optimal input U, and the corresponding

state X, we solve equation (3) which is LQOCP arising
from the Pontryagin minimum principle in equation (3)

Thus: a—H(p, ®, x, (®),u,(t),t)=0
ou

=u,(t)'R+p,(t)'B=0

—_
N
~

Then u,(t)=—R'B"p,(t)

and the adjoint equation is given as:

a1
~—

oH T
{Egmquameiﬂ

=—p.W.teltt ) p.t,)=0

= (x.®"Q+p.)" AS
=—p.(M.telt .t ) p.)=0

We then have;

p.(t)=A"p. (1) -Qx. (Ottt}
p.(t;)=0

Consequently;

_grﬂqz{A —W*ﬁﬂ&@}mhiJ
dtip.()] [-Q -

AT L)
X.(t) =%, p.(t;)=0 (9)

Equation (9) is a linear, time variant differential equation
in (x,, p.)
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IEP for 2nx 2n Hamiltonian Matrix of Rank 1 in respect

of LQOCP
From equation (9) and the theory of the Linear quadratic
optimal control we have the following (Hamilton’s

Equations):

E{x.(t)}: A —BRB {X’(t)}te[t-t]

da|p.0] |-Q -A" |p) "
X.(t)=x,p.(t;)=0 (10)

We then consider the case where the Hamiltonian matrix

_ -1pT
H A BR™B
-Q —AT

BT are all is 2% 2 sub-matrices of H.

Is 2nx2n so that A, Q, BR

Inverse Eigenvalue Problem for a Non-Singular4 x4
symmetric matrix Newton’s Method

We construct a Characteristic (Polynomial) function of
the diagonal elements from the matrix 2nx 2n

A= =
A3, 383, Adz3 dy,
a4 Qy Q3 Ay
a,, A a,;, a3 a,
ay, a,, A A3 Ay,
as; a;, Qg3 A Ay
ay, a,, A3 Ay, — A
(O]
a11
0)
X ) _ a22
- a 0)
33
0)
a44

In other words, consider the function with independent
variables defined on 4 selected elements of matrix A

precisely, the diagonal elements:

f(ay,,8y,,8,,,8,,) =4 — (trA)A +det A

x- (311 Ty tayt au)/la + (auazz 885+ 88y, T 8By
88y t 8y t 8,8t a‘lZaZIMZ - (auazzass 8,88, +

8 Bgaflyy F ByyBafy T ByBafly, T 8y, — 81,8 8y — 88,8
— 888y + "’114‘31213‘42)’1 88,8558, — 88,8845 — 8,888y,

= 800y By, 8y F 8588y — 8138858 — 848,838y T 8,880

Thus, given 4 distinct eigenvalues A4, 4,,4;,4, we
have the following four (4) functions with 4 independent
variables being the diagonal element of A.

Thus:

f1(a11’azzlassl a44) =
K= (@ + 8y + 8+ 2, ) A1+ (B2 + 8,23 +,8,, + B
858y, 858, + 8,8, 1 a12321)’121 - (auazzaes +8,8,8,,t
88538y + 883583 1 858358 8,185,85 — 8158 85— 8188y

— 88,8, t a14az1342)11 81858558, — 8185)85,8,3 ~ 858,355,

= 83988585 T 838,858 — 8y585,8548,7 ~ 81858383 T 81,8,8583,

fz(awazz’ass'aM) =

K= (@4 8y + gy + 8,22 + (B2 + 8,y + 818, + g0
a8y, T8y, T8, 1 a12a21)/122 - (anazzasa Tadpdy t
88550y, 1883085 + 85858, T 8y,858y; ~ 88,853~ 8188y,

~ a8y t a14a21a42)/12 818858 — 8)18589,843 ~ 818838y,

= 858,8583 + 8y38,8358, — ;385,858 — 8,891,385 81,8858

f3(a11| 891833 a44) =

M- (au taytagt a44)/133 u (anazz 885 18,8y, + 8585,
a8y, 1858, 858,35+ a12a21)/123 - (auazzass a8y, +
8538 T 8185383 + 8358, T 8585 — 858,853 — 81,88y,

~ 888, + a14321a42)’13 88583584 — 8338583485 ~ 8188558,

- a12a21a34a43 t a13a21a32a44 - a13a21a'34a42 - a14a21a43a32 + a14a21a42a33
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f4(a11' 8, a337a44) =

- (an tay Tyt a44)/134 + (anazz 833855 8,8y, 1858,
88y 8358, 85,8, + a1zaz1)/124 - (311azzas3 83,88, +
818538y 183183585 + 858598 + 88583~ 8198893 — 81588y,
~8338y,8 + al1416121"5‘42)’14 838,838 — 8)58,83,85 — 58,8558

= 838,848 y3 1 8138858y — 8138183485 — 48,8583 T 848,883

Derivation of an Explicit Formula for the Jacobian in the 4 x 4 matrices case

afl 3 2 8f1 3 2
5a =-11+4 1(322 ta5;+ a44)_ %(azzass T3, t azza44) o =-A1+4 1(a11 tag+ a44)_ /11(&113-33 +agd,, + aua44)
11 22
of
1 3 2 1 3 2
Ga =-A1+4 1(a11 tay+ a44)_ jﬂ(anazz +tayd,, t+ a11a44) a =-A1+4 1(a11 tay+ a33)_ ﬂq(allazz +ayds; + a11a33)
33 44
8f2 3 2 8f2 3 2
oa =-A2+1 2(azz tagt a44)_ /12 (azzass +agay, t a22a44) Ga =-12+4% (all tag+ a44)_ Az (anass +a58, a11a44)
11 22
6f2 3 2 8fz 3 2
=t (au tay + a44)_ Ay (allazz + a8y + a11a44) =t 2(a11 tay, + ass)_ Ay (allaZZ + 885 + a11a33>
6a33 6a44
8fs 3 2 8f3 3 2
%a. =—As+4 3(322 T+ a-44)_ A (azzaas + 85,8, + a22"7144) 6_ =—Aat+ 4 3(&11 tagt a44)_ Ay (alla33 + 8338, + a11a44)
a; d,,
of
3 _ 23 2 3 _ 3 2
a =-A3+4 3(a11 tay,+ a44)_ is(anazz a8t a11a44) a =-A3+/ 3(a11 tay,+ aas)_ ﬂfs(anan 8,8, allaSS)
A3 Ay
8f4 3 2 8f4 3 2
a =-A4t4 4(a22 tagt a44)_ /14 (azzass +a338,, + azza44) Ga =4t 4(&11 tag+ a44)_ )“4 (a11a33 5,8, a11a44)
1 22
of

of

4 3 2 4 3 2

oa ==L +4 4(6.11 ta,t aas)_ /14 (auazz +taya;;+ a11a33) oa =-Aut 4 4(311 ta,+ a44)_ /14 (allazz T3,9,t a11a44)
44 33

R |
=
=
=

8 08 Oy 08y T s s . 3 7
o o, o, d, SR (e, ragta,)- —Aie (e, rag ray,) - —AiAa(ay ray, ta,)- — A A(a, Fay, tag)-
a aa aa aa ﬂ‘l(alla?}:‘) + a33a44 + a11a44) j"1(a11a33 + a33a44 + a11a44) ﬂ'l(ailaZZ + a22a44 + a11a44) ﬂ'l(allaZZ + a22a33 + allaSS)
= afu afzz 8]‘33 af44 o |~ A Aalay tagtay,)- A+ a(aytagtay,)- A+ Ay ta,+a,)- - A2+ A, +ay, +ay,)-
73 73 73 73 AZ (?22a332+ a33a44 + a22a44) j’2 (3alla33z+ a33a44 + a11a44) j’z (:!aila222+ a22a44 + a11a44) 1’2 (aalla222+ a22a33 + a11a33)
a, 0a, O, O0a, ~Pat a8y, +ag +a,)- s+ Va(ay tagta,)- — A+ As(a, tay, +a,)- A+ As(ay, +ay, +ag)-
afA af4 afA afA 13 (a22a33 + a33a44 + a22a44) /‘Lj(alla33 + a’33a’44 + a11a44) 1’3(a11a22 + a11a44 + a22a44) j'3 (a22a33 + a’lla22 + a11a33)
- 4 X 1 3 2 3 2 3 2 3 2
o, 0a, G, 0| La D@y +ag+a,)- —Aat Al ragta,)- A+ A(ay ray, +a,)- — A+ (8, +a, +ay)-
11 Ody 4
® _14 (a22a33 + a33a44 + a22a44) 14 (a11a33 + a33a44 + a11a44) j’4 (a11a22 + a22a44 + a11a44) 14 (allaZZ + a22a33 + a11a33) i
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Computing the Determinant we get
trA=
(-4 +ay) -2, +a,)— (-4 +a, -4, +a,,)
= Det. = ()‘1 —4, )(azz - a'.l.l)

And the inverse of the Jacobian matrix is given as:

4 _ 1 |:a22_2‘l a11_ﬂ~1}
(/11 _/12 )(azz - a11) Ay — /12 a;; — 12

Note that the existence of the inverse of the Jacobian
matrix requires that both the target eigenvalues and the
diagonal elements of the starting matrix be distinct.

While the (n+1) th iteration of the Newton’s method is
given by the following recursive relation

X(n+l) — X(n) _Jfl(x(n))i(x(n))

Under these conditions, the first step of Newton’s
method is given

()

(3]
a,,

(0) (0) (0) (0)
{an }_ 1 {azz _2‘1 a;, _2'1:||:a11 }

(0) (0) (0) (0)
a,, Det a,, _/12 a;, _/12 a,,

Numerical Examples

Given that the IEP to be solved is to determine
completely the nonsingular symmetric coefficient of

2N x 2n matrix of the system

X, = a; X, +2X, +3X; +4X,

X, = 2X, +4a,,X, —6X, +8X,
Xy = 3X; —6X, +9a,,X, +12X,
X, = 4x, +8x, +12x, +16a,,X,

1 2 3 4

2 4 -6 8
A=

3 -6 9 12

4 8 12 16
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For Non Singular 2 x 2 symmetric matrices case
X, =8, % +2X,
X, = 2%, +4a,,X,

Given the eigenvalues A, =—1, 4, =3.i.e. we let the
target solution of the form

x=c,ue” +c,ve*

12] o [
Assuming the initializing matrix XY =
2 4 4

Moreover, A is singular
withk =2,a,, =1, A=trA® =5

Computing the values of the functions at the initial
point:

fl (an’ a-22) = /112 - (a'u +a,, )21 + (ailazz - 3122)
fz (au’ azz) = }“22 - (an +ay, )2*2 + (a'uazz - a122)

HX”U=_EJ

The inverse of the Jacobian matrix yields:
1[-2 -2 1[-2 -2

" Det|1 5] 12]1 5

Substituting into the Newton’s equation,

¥ (D) _ y () _J*l(x(”))i(x(”)) we get:
X © 1 L1 “2 -2 6
41 12| 1 5 1|-6
1 0 1 1
= + = :>X(l) =
4| |-3| |1 1

L 1 2
Thus:  A(X )=|:2 J

Jfl
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Non Singular 2N x 2N Symmetric Matrices case

Suppose the IEP to be solved is to determine completely

the nonsingular 4 x 4 symmetric coefficient matrix of the
system

X, = a, X, +2X, +3X; +4X,

X, = 2X, +4a,,X, +6X, +8X,
Xy = 3X, +6X, +9a,,X; +12X,
X, = 4x, +8x, +12x, +16a,,X,

Given the eigenvalues 4, =1L, A, =14, =3,4, =5
i.e. We let the target solution of the form

x=c,ue' +c,ve” +c,we”

1 2 3 4
2 4 6 8
Given the initializing matrix A= ;
3 6 9 12
4 8 12 16
1
X @ —
9
16

Here, A© is singular while
k,=2,k, =3k, =4,a,, =land 1 =trA® =30
We compute the values of the functions at the initial point:

- 28
Thus; f(X (O)): - 28 and

- 10

112
-11 -8 -12 -6
3% -8 -12 -6
-3 -6 -12 -6
5 -20 -20 -30

J=

Estimating determinant and substituting into the
Newton’s equation Yielded

, Volume 6, Issue 7, July 2016)
XD =
1 -11 -35 -3 5 | -28
4 1 -8 -8 -6 -20|-28

9| 23040|-12 -12 -12 -20| 10

16 -6 -6 -6 30 | 112
1 0.0672 1.0672
4 —0.0803 4.0803
X® = - =
9 -0.0733 9.0733
16 0.1578 15.8422
Hence,

1.067 2 3 4
2 4080 4 8
3 6 9.073 12
4 8 12 15.842

AXP) =

I1. CONCLUSION

Various theoretical results have been systematically
reviewed and discussed in respect of the inverse eigenvalue
problem (IEP). Based on these results we developed the
derivation of an explicit function in non-singular Hamilton
symmetric matrices of Rank 1 via linear quadratics inverse
eigenvalue problem (LQIEP in the neighborhood of the
first type of Hamilton matrices through numerical
illustration and examples.
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